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LIPSCHITZ NORMAL EMBEDDINGS AND POLAR
EXPLORATION OF COMPLEX SURFACE GERMS
ANDRÉ BELOTTO DA SILVA, LORENZO FANTINI, AND ANNE PICHON
Abstract. We undertake a systematic study of Lipschitz Normally Embedded
surface germs with isolated singularities. We prove in particular that the
topological type of such a germ determines the combinatorics of its minimal
resolution which factors through the blowup of its maximal ideal and through
its Nash transform, as well as the polar curve and the discriminant curve of a
generic plane projection, thus generalizing results of Spivakovsky and Bondil
that were known for minimal surface singularities. This fits in the program of
polar explorations, the quest to determine the generic polar variety of a singular
surface germ, to which the final part of the paper is devoted.
A ranger walked from his tent 10 km southwards, turned east,
walked straight eastwards 10 km more, met his bear friend, turned
north and after another 10 km found himself by his tent. What
colour was the bear and where did all this happen?
V. I. Arnold’s (Odessa, 12 June 1937 – Paris, 3 June 2010)
selection of problems for children from 5 to 15
1. Introduction
A germ of a real or complex analytic space pX, 0q embedded in pRn, 0q or in
pCn, 0q is equipped with two natural metrics: its outer metric do, induced by
the standard metric of the ambient space, and its inner metric di, which is the
associated arc-length metric on the germ. The germ pX, 0q is said to be Lipschitz
normally embedded (LNE for short) if the identity map of pX, 0q is a bilipschitz
homeomorphism between the inner and the outer metric, that is if there exist a
neighborhood U of 0 in X and a constant K ě 1 such that
dipx, yq ď Kdopx, yq
for all x and y in U . This property only depends on the analytic type of pX, 0q, and
not on the choice of an embedding in some smooth ambient space pRn, 0q or pCn, 0q.
The study of Lipschitz Normal Embedded singularities is a very active research
area with many recent results, for example by Birbrair, Fernandes, Kerner, Mendes,
Misev, Neumann, Nuño-Ballesteros, Pedersen, Pichon, Ruas, and Sampaio (see
[BMNB18, FS19a, KPR18, NPP19a, NPP19b, BM18]), but despite the current
progress it is still in its infancy. While an irreducible complex curve germ pX, 0q is
LNE if and only if it is smooth (see [PT69, Fer03, NP07]), the situation is far richer
already for complex surface germs. Lipschitz Normal Embedded germs are fairly
common in this context, including in particular all minimal surface singularities
(as proven in [NPP19b] exploiting a characterization obtained in [NPP19a]), and
the superisolated surface singularities with LNE tangent cone (see [MP18]). In
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this paper we prove several properties of a general complex LNE surface germ
with isolated singularities, describing in particular its generic polar curves and the
discriminant curves of its generic plane projections.
Among LNE surface singularities, the most widely studied are minimal singu-
larities, which have been introduced in greater generality in [Kol85]. In dimension
two they are the rational surface singularities with reduced fundamental cycle, and
they have the remarkable property that the topological type of pX, 0q determines
the following data, which is a priori of analytic nature:
(1) The dual graph of the minimal good resolution of pX, 0q which factors
through the blowup of the maximal ideal and through the Nash transform,
decorated by two families of arrows corresponding to the strict transform of
a generic hyperplane section and and to the strict transform of the polar
curve of a generic plane projection.
(2) The topological type of the discriminant curve of a generic projection.
Moreover, this data can be computed explicitly from the dual graph of the
minimal good resolution of pX, 0q.
The first property is a deep result of Spivakovsky [Spi90, III, Theorem 5.4],
while the second one was later proven by Bondil [Bon03, Theorem 4.1], [Bon16,
Proposition 5.4].
Observe that by good resolution of pX, 0q we mean a proper bimeromorphic
morphism pi : Xpi Ñ X from a smooth surface Xpi to X which is an isomorphism
outside of a simple normal crossing divisor E “ pi´1p0q, and the vertices of dual
graph Γpi of E carry as weights the genera and self-intersections of the corresponding
components of E. The fact that the topological type of a surface germ determines
the dual graph of its minimal resolution is a classical result of Neumann [Neu81].
The two main results of the present paper extend the theorems of Spivakovsky and
Bondil to all LNE surface singularities. Furthermore, we strengthen Spivakovsky’s
result by showing that another important datum is an invariant of the topological
type of pX, 0q, namely the inner rates of pX, 0q, an infinite family of rational numbers
which measures the local metric structure of the germ pX, 0q with respect to its
inner metric. If Ev is an exceptional component in a good resolution of pX, 0q, then
its inner rate qv, introduced in [BNP14] and further studied in [BdSFP19], measures
the shrinking rate of the piece of the link of pX, 0q that corresponds to Ev (see
[BdSFP19, §1, §3]).
In order to give a precise statement of our results we need to introduce some
additional notation. Let pi : Xpi Ñ X denote a good resolution of pX, 0q, let Γpi
be the dual graph of pi, and denote by V pΓpiq the set of vertices of Γpi, so that
every element v of V pΓpiq corresponds to an exceptional component Ev of the
exceptional divisor E “ pi´1p0q of pi. We denote by ZmaxpX, 0q “ řvPV pΓpiqmvEv
the maximal ideal divisor of pX, 0q, that is the divisor of Xpi supported on E and
whose coefficient mv, called multiplicity of v, is the multiplicity along the component
Ev of the pullback via pi of a generic linear form h : pX, 0q Ñ pC, 0q on pX, 0q. While
in general the divisor ZmaxpX, 0q depends on the analytic type of pX, 0q, there is
another divisor supported on E, namely the fundamental cycle Zmin of Γpi, defined
as the unique minimal nonzero element of the Lipman cone of Γpi (see Section 2 for
the relevant definitions), which only depends on the graph Γpi. Finally, we denote
by ZΓpi the canonical cycle of Γpi, that is the divisor supported on E determined by
ZΓpi ¨ Ev “ ´E2v ` 2gpEvq ´ 2 for every vertex v of Γpi.
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For each vertex v of Γpi, set lv “ ´ZmaxpX, 0q ¨ Ev, that is, lv is the intersection
multiplicity of Ev with the strict transform of a generic hyperplane section h´1p0q
of pX, 0q via pi. We call L-vector of pX, 0q the vector Lpi “ plvqvPV pΓpiq P ZV pΓpiqě0 .
Recall that the blowup Bl0X of the maximal ideal of pX, 0q is the minimal resolution
of the base points of the family of generic hyperplane sections of pX, 0q. Therefore,
whenever pi : Xpi Ñ X factors through Bl0X, the strict transform of such a generic
hyperplane section via pi consists of a disjoint union of smooth curves that intersect
transversely E at smooth points of E, and lv is the number of such curves passing
through the component Ev; we then call L-node of Γpi (or simply of pX, 0q) any vertex
v such that lv ą 0. Similarly, we denote by pv the intersection multiplicity of the
strict transform of the polar curve of a generic plane projection ` : pX, 0q Ñ pC2, 0q
with Ev and we call P-vector of pX, 0q the vector Ppi “ ppvqvPV pΓpiq P ZV pΓpiqě0 . Since
the Nash transform ν of pX, 0q is the minimal resolution of the base points of the
family of generic polar curves of pX, 0q, whenever pi : Xpi Ñ X factors through ν
then such a strict transform consists of smooth curves intersecting E transversely at
smooth points, and pv equals the number of such curves through Ev; we then call
P-node of Γpi (or simply of pX, 0q) any vertex v such that pv ą 0. Finally, whenever
pi : Xpi Ñ X factors through the blowup of the maximal ideal, we define a natural
distance d on Γpi by declaring the length of an edge e between two vertices v and v1
of Γpi to be 1{ lcmtmv,mv1u.
We can now state our first main theorem, which generalizes Spivakovsky’s result
[Spi90, III, Theorem 5.4] to all LNE surface germs with isolated singularities.
Theorem 1.1. Let pX, 0q be an LNE surface germ with an isolated singularity, let
pi : Xpi Ñ X be the minimal good resolution of pX, 0q, and let Γpi be the dual graph
of pi. Then the following properties hold.
(i) The resolution pi factors through the blowup of the maximal ideal of pX, 0q
and all L-nodes have multiplicity one.
(ii) The maximal ideal divisor ZmaxpX, 0q of pX, 0q coincides with the funda-
mental cycle Zmin of Γpi. In particular, Γpi determines the multiplicity mv
associated with every vertex v of Γpi, and therefore also the set VL of L-nodes
of Γpi, the L-vector Lpi of pX, 0q, and the distance d on Γpi.
(iii) The inner rate qv of each vertex (or, more generally, of each divisorial
point) of Γpi is given by
qv “ dpv, VLq ` 1.
(iv) The P-vector Ppi of pX, 0q is determined by
pv “ ´Ev ¨
´ÿ
v1
`pmv1qv1 ´ 1qEv1˘´ pZΓpi ´ Zminq¯
for every vertex v of Γpi.
(v) Let pi1 be the minimal good resolution of pX, 0q that factors through its Nash
transform. A vertex v of Γpi1 is a P-node of pX, 0q if and only if either
lv ą 1 or there exist two distinct vertices v1 and v2 of Γpi1 adjacent to v and
such that qv1 , qv2 ă qv.
(vi) An edge e “ rv, v1s of Γpi contains a P-node of pX, 0q in its interior if and
only if |qv ´ q1v| ă dpv, v1q. When this is the case, e contains exactly one
P-node w, and its inner rate is qw “
`
dpv, v1q ` qv ` qv1
˘{2. The resolution
pi1 is obtained by composing pi with a finite sequence of blowups of double
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points of the respective exceptional divisor: at each step, a double point in
Ev X E1v has to be blown up if and only if |qv ´ q1v| ă dpv, v1q.
In particular, we can build from Γpi the resolution graph Γpi1 of pi1, decorated
by arrows corresponding to the components of the polar curve of a generic plane
projection ` : pX, 0q Ñ pC2, 0q and by the inner rate of each vertex. While the first
two parts of the Theorem are quite elementary, the remaining parts rely heavily on
a careful study of the generic projections of LNE surfaces (see Lemma 4.1) that
builds on results from [NPP19a], and parts (iii) and (iv) also depend on the study
of inner rates of [BdSFP19], and in particular on the so-called Laplacian Formula
of loc. cit.
We then move our attention to the study of the discriminant curve ∆ of a generic
plane projection ` : pX, 0q Ñ pC2, 0q of pX, 0q. Our second main result, which
generalizes Bondil’s results [Bon03, Theorem 4.1], [Bon16, Proposition 5.4], can be
stated as follows.
Theorem 1.2. Let pX, 0q be a LNE surface germ with isolated singularities and let
pi : Xpi Ñ X be the minimal good resolution of pX, 0q. Then the dual graph Γpi of
pi determines the embedded topological type of the discriminant curve of a generic
plane projection ` : pX, 0q Ñ pC2, 0q of pX, 0q.
To be more precise, the embedded topological type of a plane curve can be conve-
niently encoded in a combinatorial object, its Eggers–Wall tree, whose construction
will be recalled in Section 7 (see also [GBGPPP19, Definition 3.9]). We will give
a more precise statement of Theorem 1.2 in Theorem 7.5, showing explicitly how
to obtain the Eggers–Wall of the discriminant curve ∆ of a generic plane projec-
tion ` : pX, 0q Ñ pC2, 0q of pX, 0q as the quotient of the graph Γpi1 by a suitable
equivalence relation.
Part (iv) of Theorem 1.1 can be thought of as the uniqueness of a solution,
within the class of LNE surface singularities, to what we refer to as the problem
of polar exploration of surface singularities, which asks to determine the possible
configurations of arrows of a finite graph that can be realized as polar curves of a
complex surface germ pX, 0q. Recall that surface singularities can be resolved either
by a sequence of normalized point blowups, following seminal work of Zariski [Zar39]
from the late nineteen thirties, or by a sequence of normalized Nash transforms,
as was done half a century later by Spivakovsky [Spi90]. The relationship between
these two resolution algorithms, and therefore between hyperplane sections and
polar curves of a surface singularity, is still quite mysterious, and they seem to be
in some sense dual, as was observed by Lê [L0ˆ0, §4.3].
Recall that the incidence matrix of the dual graph Γpi associated with a good
resolution pi : Xpi Ñ X of pX, 0q is negative definite by a classical result of Mumford
[Mum61, §1]. Moreover, Grauert [Gra62] proved that every weighted graph Γ
without loops and with negative definite incidence matrix can be realized as dual
graph Γpi associated with a good resolution of some normal complex surface germ
pX, 0q. It is well known that the weighted graph Γpi determines the topology of
pX, 0q, since Γpi is a plumbing graph of the link of pX, 0q, and conversely, as we
have already mentioned, Neumann [Neu81] proved that the plumbing graph Γpi is
determined up to a natural equivalence relation by the topology of the surface germ.
It is thus natural to consider the plumbing graph Γpi endowed with an L- and a
P-vector.
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From this point of view, our result implies the following statement.
Corollary 1.3. Let Γ be a finite connected graph without loops weighted by attaching
to each vertex v a genus gpvq ě 0 and a self-intersection epvq ă 0. Then there exist
finitely many pairs pL,P q of vectors L “ pliq, P “ ppiq P pZě0qV pΓq such that there
exist a normal surface singularity pX, 0q and a good resolution pi of pX, 0q satisfying
pΓ, L, P q “ pΓpi, Lpi, Ppiq.
Moreover, at most one such pair pL,P q can be realized by a LNE germ pX, 0q.
Observe that, strictly speaking, only the last part of the statement is derived
from Theorem 1.1. We deduce the rest of the statement, regarding the finiteness
of potential solutions to the problem of polar exploration, from a result of Caubel–
Nemethi–Popescu-Pampu [CNPP06], and from the classical Lê–Greuel–Teissier
formula [LT81].
We conclude the paper by discussing two tools that can be used for polar
exploration, that is to reduce the list of possibly realizable pairs of L- and P-vectors,
either by using the Laplacian formula for the inner rates of [BdSFP19] to restrict
the relative positions of polar curves and hyperplane sections on a resolution graph,
or by studying carefully the topology of a Milnor–Lê fiber of our surface germ. In
Example 8.2 we show that, by combining these tools, we can sometimes find a unique
solution to the problem of polar explorations also for non LNE surface germs.
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tions. We would also like to thank Camille Le Van and Delphine Menard for fruitful
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géométrie Lipschitz des variétés of the Institut National des Sciences Mathématiques
et de leurs Interactions of the Centre National de la Recherche Scientifique. The
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2. Surface germs with unique L-vector
In this section we prove parts (i) and (ii) of Theorem 1.1. More generally, we
are interested in finding a suitable geometric condition yielding a class of complex
surfaces pX, 0q whose L-vector is completely determined by the topology of a
resolution. In order to achieve this, we recall the precise definitions of the divisors
ZmaxpX, 0q and Zmin that have been mentioned in the introduction, and determine
a condition that guarantees their equality.
We begin by recalling the notion of Lipman cones. Let Γ be a finite connected
graph without loops and such that each vertex v P V pΓq is weighted by two integers,
its genus gpvq ě 0 and its self-intersection epvq ă 0. We assume that the incidence
matrix induced by the self-intersections of the vertices of Γ, that is the matrix
IΓ P ZV pΓq whose pv, v1q-th entry is epvq if v “ v1, and the number of edges of Γ
connecting v to v1 otherwise, is negative definite. Let E be a configuration of curves
whose dual graph is Γ, so that IΓ “ pEi ¨Ejq, and consider the free additive group
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G generated by the irreducible components of E, that is
G “
"
D “
ÿ
vPV pΓq
mvEv
ˇˇˇˇ
mi P Z
*
.
By a slight abuse of notation, we refer to the elements of G as divisors on Γ. On
G there is a natural intersection pairing D ¨D1, described by the incidence matrix
IΓ, and a natural partial ordering given by setting
ř
mvEv ď řm1vEv if an only if
mv ď m1v for every v P V pΓq.
The Lipman cone of Γ is the semi-group E` of G defined as
E` “  D P G ˇˇD ¨ Ev ď 0 for all v P V pΓq(.
Remark 2.1. By looking at a divisor’s coefficients we can identify G with the
additive group ZV pΓq. Then the Lipman cone E` of Γ is naturally identified with
the cone ZV pΓqě0 X´I´1Γ
`
QV pΓqě0
˘
, since by definition a divisor
ř
mvEv belongs to E`
if and only if the vector IΓ ¨ pmvqvPV pΓq belongs to ZV pΓqď0 .
A fundamental property of the Lipman cone E`, proven in [Art66, Proposition 2],
is that it has a unique nonzero minimal element Zmin, called the fundamental cycle
of Γ, and that moreover Zmin ą 0, that is the coefficients of Zmin are all strictly
positive. Observe that the existence of the fundamental cycle and the fact that
Zmin ą 0 are equivalent to the fact that D ą 0 for every nonzero divisor D in E`.
Assume from now on that Γ is the dual graph of a good resolution of an isolated
surface singularity pX, 0q. Notice that the Lipman cone, and therefore its fundamen-
tal cycle, only depend on the graph Γ, that is on the topology of pX, 0q, and not
on the complex geometry of pX, 0q; the fundamental cycle Zmin can be explicitly
computed from Γ by using Laufer’s algorithm from [Lau72, Proposition 4.1].
Consider now a germ of analytic function f : pX, 0q Ñ pC, 0q. The total transform
of f ˝ pi is the divisor pfq “ pfqΓ ` f˚ on Xpi, where f˚ is the strict transform of f
and pfqΓ “ řvPV pΓqmvpfq ¨ Ev is the divisor supported on E such that mvpfq is
the multiplicity of f ˝ pi along Ev. By [Lau71, Theorem 2.6], we have
pfqΓ ¨ Ev “ 0 for all v P V pΓq. (1)
In particular, pfqΓ belongs to the Lipman cone E` of Γ, and therefore the semi-group
A`X “ tpfqΓ : f P OpX,0qu of G is contained in E`; it has a unique nonzero minimal
element ZmaxpX, 0q, which is called the maximal ideal divisor of pX, 0q. Observe
that the divisor ZmaxpX, 0q coincides with the cycle phqΓ of a generic linear form
h : pX, 0q Ñ pC, 0q, and that by the definition of the fundamental cycle we have
Zmin ď ZmaxpX, 0q.
The following proposition is the main result of this section.
Proposition 2.2. Let pX, 0q be a normal surface singularity and let pi : pXpi, Eq Ñ
pX, 0q be the minimal good resolution of pX, 0q. If a generic hyperplane section of
pX, 0q is a union of smooth curves, then:
(i) pi factors through the blowup of the maximal ideal of pX, 0q and all L-nodes
have multiplicity one;
(ii) the maximal ideal divisor ZmaxpX, 0q of pX, 0q coincides with the fundamen-
tal cycle Zmin of Γpi.
Proof. Let pi1 : Xpi1 Ñ X be the minimal good resolution of pX, 0q which factors
through the blowup of its maximal ideal, and let Ev be the component of ppi1q´1p0q
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associated with an L-node v of pX, 0q. Let h : pX, 0q Ñ pC, 0q be a generic linear
form and let γ be an irreducible component of h´1p0q whose strict transform γ˚ by
pi1 intersects Ev. Then γ˚ is a curvette of Ev, that is a smooth curve intersecting
transversally Ev at a smooth point of ppi1q´1p0q. If F Ă pX, 0q is the Milnor–Lê fiber
of a generic linear form h1 on pX, 0q whose strict transform by pi1 is disjoint from the
one of h, then the multiplicity mv of Ev equals the intersection multiplicity of γ with
F , which is 1 since γ is smooth by hypothesis. This proves that mv “ 1. Assume
now that pi does not factor through the blowup of the maximal ideal, so pi1 “ pi ˝ α,
where α is a finite composition of point blowups. By minimality of pi1 there exists
an L-node v0 of pX, 0q which is associated with the exceptional component of one
of the point blowups in α. Let α1 be the first blowup in the sequence α, that is, α1
is the blowup of Xpi at a point p of Ev X h˚, where Ev is a component of pi´1p0q,
and let Ew be the exceptional curve of α1. Since h˚ passes through p, we have
mw “ mwphq ą mvphq ě 1. As this argument can be repeated for every blowup
forming α, we deduce that mv0phq ą 1 as well, contradicting the first part of the
proof. This implies that α must be an isomorphism, proving piq.
To prove piiq, write Zmax “ ZmaxpX, 0q “ řvPV pΓqmvEv and Zmin “ řvPV pΓq rmvEv,
and for every v in V pΓq consider the positive integers
lv “ ´Zmax ¨ Ev and l˜v “ ´Zmin ¨ Ev .
Since Zmin ď Zmax by definition of Zmin, it is enough to prove that Zmin ´ Zmax
is positive. Since IΓ is negative definite, it is therefore sufficient to show that
pZmin ´ Zmaxq ¨ Ev “ lv ´ rlv is negative for every vertex v of Γ. Whenever lv “ 0,
this follows immediately from the definition, so let us fix a vertex v such that lv ą 0.
From part piq, we know thatmv “ 1. It follows from the inequality 0 ă rmv ď mv “ 1
that rmv “ 1 as well. We therefore get:
lv´ l˜v “ pZmin´Zmaxq¨Ev “
ÿ
wPV pΓq
prmw´mwqEw ¨Ev “ ÿ
w‰v
prmw´mwqEw ¨Ev ď 0,
since Ew ¨ Ev ě 0 whenever w ‰ v and rmw ď mw at all vertices. 
The hypothesis of Proposition 2.2 is quite weak, as it is satisfied by every
normal surface germ with reduced tangent cone (in which case the components of a
generic hyperplane section are not only smooth but also transverse, see for example
[GSLJ97, §1]), for example by every minimal surface singularity. More generally, the
hypothesis holds for all LNE surface germs, as was proven in [FS19b, Theorem 3.10].
In particular, the proposition implies parts (i) and (ii) of Theorem 1.1.
Observe that it follows by equation (1) that the vector ´IΓpi ¨ ZmaxpX, 0q of
ZV pΓpiqě0 coincides with the L-vector Lpi of pX, 0q considered in the introduction.
Therefore, whenever ZmaxpX, 0q is determined by the topological type of pX, 0q, the
same holds true for Lpi. We collect this result, which is the first step towards the
proof of Corollary 1.3, in the following corollary.
Corollary 2.3. Let Γ be a weighted graph. Then there exists at most one vector L P
ZV pΓq such that there exist a normal surface germ pX, 0q whose generic hyperplane
section is a union of smooth curves and a good resolution pi : Xpi Ñ pX, 0q of pX, 0q
satisfying pΓ, Lq “ pΓpi, Lpiq.
8 ANDRÉ BELOTTO DA SILVA, LORENZO FANTINI, AND ANNE PICHON
3. A lemma on generic projections
In this section we will introduce three notions that will prove fundamental in the
remaining part of the paper, namely generic projections, non-archimedean links,
and local degrees. We will also prove an important result, Lemma 3.1, that shows
the compatibility of generic projections with minimal resolutions.
We begin by discussing the notion of generic projection, which is based on seminal
work of Teissier. Fix an embedding of pX, 0q in a smooth germ pCn, 0q, and consider
the morphism `D : pX, 0q Ñ pC2, 0q obtained as the restriction to X of the projection
along a pn´ 2q-dimensional linear subspace D of Cn. Recall that whenever `D is
finite, the associated polar curve ΠD is the closure in pX, 0q of the ramification locus
of the restriction of `D to Xrt0u, and the associated discriminant curve is the plane
curve ∆C “ `DpΠDq. The Grassmannian variety Grpn ´ 2,Cnq of pn ´ 2q-planes
in Cn contains an analytic dense open subset Ω such that for every D in Ω the
projection `D is finite and both the families tΠDuDPΩ and t∆DuDPΩ well behaved
(for example, they are equisingular in a strong sense). We say that a morphisms
` : pX, 0q Ñ pC2, 0q is a generic projection of pX, 0q if ` “ `D for some D in Ω. A
discussion of the properties satisfied by a generic projection, leading to a precise
definition of Ω, can be found in [NPP19a, §2], building on work of Teissier (see in
particular [Tei82, Lemme-clé V 1.2.2]); we will come back to this matter later in
this section.
We now recall the definition of the non-archimedean link NLpX, 0q of the germ
pX, 0q. Indeed, our goal for this section is to study the map induced by a generic
projection ` : pX, 0q Ñ pC2, 0q on the dual graphs of a good resolution of pX, 0q. In
principle, for this to make sense it is necessary to chose a suitable good resolution
pi : Xpi Ñ X of pX, 0q and a compatible sequence of blowups σ : Yσ Ñ C2 of C2
above 0 in order for ` to induce a map |Γpi| Ñ |Γσ| between the topological spaces
underlying Γpi and Γσ. In this paper we will use NLpX, 0q as a convenient way
of encoding intrinsically all the dual graphs of good resolutions of pX, 0q; for this
purpose, we can adopt the following ad hoc definition. Recall that, if pi : Xpi Ñ X
and pi1 : Xpi1 Ñ X are two good resolution of pX, 0q such that pi1 dominates pi (that
is, pi1 factors through pi), then we have a natural inclusion |Γpi| ãÑ |Γpi1 | between
the topological spaces underlying the dual graphs Γpi and Γpi1 , and a retraction
|Γpi1 | Ñ |Γpi| obtained by contracting the trees in |Γpi1 |r |Γpi|. The non-archimedean
link can then be seen the inverse limit NLpX, 0q “ limÐÝpi |Γpi|, in the category of
topological spaces and with respect to the various retraction morphisms, where
the limit runs over the poset of good resolutions of pX, 0q, ordered by domination.
In particular, NLpX, 0q contains a copy the dual graph of each good resolution of
pX, 0q, and it can be seen as a compactification of the infinite union Ťpi |Γpi| of all
the dual graphs of the good resolutions of pX, 0q. As such, it can be thought of as
a universal dual graph of the singularity pX, 0q. To unburden the notation, in the
remaining part of the paper we will usually identify a dual graph Γpi with its image
|Γpi| in NLpX, 0q.
Traditionally, the non-archimedean link NLpX, 0q can also be built as a space of
normalized semivaluations on the complete local ring zOX,0 of X at 0. In particular,
if pi : Xpi Ñ X is a good resolution of pX, 0q and Ev is a component of its exceptional
divisor pi´1p0q, the corresponding vertex of Γpi is identified with the corresponding
divisorial valuation v : zOX,0 Ñ R` Y t`8u defined by vpfq “ ordEv ppi˚fq{mv,
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where ordEv ppi˚fq denotes the order of vanishing along Ev of the pullback of f via pi.
Throughout the paper, we will freely make use of this terminology, calling divisorial
point of NLpX, 0q (or of a given dual graph Γpi) any point that can arise in this
way, and denoting by Ev any exceptional curve corresponding to a divisorial point
v. Observe that the subset of NLpX, 0q consisting of its divisorial points is dense in
the non-archimedean link; this corresponds to the fact that any given dual graph
Γpi can be refined ad infinitum by passing to resolutions dominating pi, subdividing
each edge e “ rv, v1s into smaller edges by successively blowing up double points
starting with the blowup of Xpi at Ev XE1v. We refer the reader to [BdSFP19, §2.1]
and [Fan18] for further details on this point of view.
The morphism ` : pX, 0q Ñ pC2, 0q induces a natural map ˜`: NLpX, 0q Ñ
NLpC2, 0q. From the point of view of semivaluations, this is simply defined functo-
rially by pre-composing a semivaluation on zOX,0 with the morphism of complete
local rings {OC2,0 Ñ zOX,0 induced by `.
Concretely, ˜`pvq can also be computed explicitly on a divisorial point v of NLpX, 0q
as follows: we can find a sequence of blowups σ`,v : Yσ`,v Ñ C2 of C2 above 0 and a
good resolution pi`,v : Xpi`,v Ñ X of pX, 0q such that v corresponds to an exceptional
component Ev of pi`,v, the composition ` ˝ pi`,v : Xpi`,v Ñ C2 factors through a mapp`: Xpi`,v Ñ Yσ`,v making the following diagram commute
Xpi`,v
p`

pi`,v // X
`

Yσ`,v σ`,v
// C2
(2)
and such that Ev is mapped by p` surjectively onto an exceptional component Ew of
σ`,v; we then have ˜`pvq “ w.
Let pi : Xpi Ñ X be a good resolution of pX, 0q. Then, since ` is a finite map,
ramified precisely over the associated polar curve, the induced map ˜`|Γpi : Γpi Ñ ˜`pΓpiq
is itself a finite cover, ramified precisely at the set of P-nodes of pX, 0q contained in
Γpi. In particular, while an edge of Γpi can be folded by ˜`, it can not be contracted
by it.
Observe that the map ˜` clearly depends on the choice of `. Indeed, if `1 : pX, 0q
is another generic projection obtained by composing ` with an automorphism φ
of pC2, 0q, then φ induces a nontrivial automorphism ϕ˜ of NLpC2, 0q, and we have
˜`“ ϕ˜ ˝ ˜`1. While in general two generic projections of pX, 0q do not differ by an
automorphism of pC2, 0q, it it possible to control this phenomenon if we restrict ˜` to
the dual graph Γpi of the minimal good resolution pi : Xpi Ñ X of pX, 0q that factors
through its Nash transform, as we explain in Lemma 3.1 below.
In order to do this, we need to dive deeper into the definition of generic projections,
to be able to study the polar curves and the discriminant curves of pX, 0q in families.
Let us begin by recalling the precise notion of strong equiresolution of singularities
given in [Tei80, 3.1.1 and 3.1.5]. Given a morphism β : M Ñ Λ with reduced fibers
between smooth connected complex manifolds and a snc divisor E on M , we say
that β is simple (with respect to E) if β is smooth and its restriction β|E : E Ñ Λ
to E is proper and locally a trivial deformation along its fibers. If we have another
morphism σ : M 1 ÑM , we say that σ is β-compatible if the composition β1 “ β ˝ σ
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is simple (with respect to E1 “ σ´1pEq). Finally, given a (singular) subvariety X
of M , we say that an embedded resolution of singularities pi : ĂM Ñ M of X is a
(strong) equiresolution (along Λ) of X if pi is β-compatible and all of its restrictions
piλ over λ P Λ are good embedded resolutions of Xλ.
According to [Tei82, Lemme-clé V 1.2.2] (see [NPP19a, Proposition 2.3] for
an English presentation), there exists an analytic open dense subset Ω of the
Grassmannian Grpn´ 2,Cnq where the family tp∆D,DquDPΩ of discriminant curves,
which can be seen as a surface in pC2, 0q ˆ Ω fibered over Ω via the projection
β : pC2, 0q Ñ Ω on the second factor, admits a strong embedded equiresolution
pY,Fq σ //
βY
((
pC2, 0q ˆ Ω
β

Ω
with F “ σ´1`t0u ˆ Ωu˘ a snc divisor on Y.
For each D P Ω, denote by σD : pYD, FDq Ñ pC2, 0q the restriction of σ to the fiber
β´1Y pDq, which is a sequence of blowups of C2 above 0. This will allow us to define
an isomorphism of graphs ηD,D1 : ΓσD
„ÝÑ ΓσD1 as follows. For each v P V pΓσD q, if
we denote by FDv the corresponding irreducible component of F “ σ´1D p0q, there is
a unique irreducible component FDv of σ´1pt0u ˆ Ωq such that FDv “ FDv X σ´1D p0q.
We then set ηD,D1pvq “ v1, where v is the vertex of ΓD1 such that FD1v1 “ FDv
(that is, equivalently, such that FDv X σ´1D1 p0q “ FD
1
v1 ). This yields a bijection
V pΓσD q Ñ V pΓσD1 q which extends to a natural homeomorphism
ηD,D1 : ΓσD Ñ ΓσD1
defined on the divisorial points of ΓσD as follows. Fix D P Ω and consider a divisorial
point v on an edge rv1, v2s of ΓσD . Then EDv is created by a finite sequence of
blowups of double points of the previous exceptional divisor, starting with the
blowup of the point FDv1 X FDv2 . We can perform this blowups in family by blowing
up along successive intersections of the form FDw1 X FDw2 , starting with the blowup
along FDv1 X FDv2 . By composing this sequence of blowups with σ, we obtain a
(β-compatible) morphism σv : Yσv Ñ pC2, 0q ˆ Ω. The last blowup creates an
irreducible new component FDv in the exceptional divisor, and as before we define
v1 “ ηD,D1pvq by declaring that the corresponding irreducible component FD1v1 is
the intersection FDv X pσ1q´1p0,D1q. Observe that, since multiplicities are constant
along a smooth family, we have mv “ mηD,D1 pvq for every divisorial point v of ΓσD .
The following lemma relating the graphs of ΓσD with Γpi plays a crucial role in
several arguments in the rest of the paper.
Lemma 3.1. Let pX, 0q be a normal surface singularity, let pi : Xpi Ñ X be the
minimal good resolution of pX, 0q that factors through the blowup of its maximal
ideal and its Nash transform, and let Γpi Ă NLpX, 0q be the dual graph of pi. Then
for all D and D1 in Ω the diagram
Γpir`D|Γpi
}}
r`D1 |Γpi
!!
ΓσD ηD,D1
// ΓσD1
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obtained by restricting to the graph Γpi the two induced morphisms of non-archimedean
links r`D, r`D1 : NLpX, 0q Ñ NLpC2, 0q, is commutative.
Before moving to the proof of the lemma, which is rather technical, we observe
that the automorphism ηD,D1 : ΓσD Ñ ΓσD1 extends naturally to an automorphism
ηD,D1 of the dual graph Γpi1 of any good resolution pi1 : Xpi1 Ñ X of pX, 0q. However,
the commutativity ηD,D1 ˝ ˜`D does not necessarily hold on the whole of Γpi1 . We
defer an illustration of this phenomenon to Example 4.4, since showing this now
would require a lengthy local computation, while after proving Lemma 4.1 we can
give a more conceptual explanation.
As our needs go slightly beyond what was done by Teissier, let us explain how to
adapt his constructions accordingly. We start by proving a technical lemma about
resolution in families of surfaces, much in the spirit of [Tei80, 4.1 and 4.2]:
Lemma 3.2. Let M and Ω be connected complex manifold such that dimpMq “
dimpΩq ` 2, let E be a snc divisor over M , and let β : M Ñ Ω be a simple
morphism (with respect to Eq. Consider a finite sequence of (adapted) smooth
blowups σ : pM 1, E1q Ñ pM,Eq whose centers have codimension at least 2. Then,
up to shrinking the size of the dense open Ω (and, therefore, of M and M 1), the
composition β1 “ β ˝ σ is simple (with respect to E1).
Proof. It is enough to prove the claim in the case that σ is a single blowup with
center C. By Remmert Proper Map Theorem applied to β|E , the image βpCq is a
closed analytic subset of Ω. If dimpβpΩq ă dimpΩq, set Z “ βpΩq and note that, once
we replace Ω by ΩrZ, the result easily follows from the fact that σ : M 1 ÑM is an
isomorphism. We can therefore assume that dim
`
βpCq˘ “ dimpΩq, so that βpCq “ Ω.
Since dimpCq ď dimpΩq by hypothesis, we conclude that dimpCq “ dimpΩq, and
in particular the restriction β|C : C Ñ Ω is generically a local isomorphism. Let
Y Ă C be the set of critical points of β|C , which is a proper closed analytic subset
of C. Again by Remmert Proper Map Theorem, the image Z 1 “ βpY q is a closed
analytic subset of Grpn ´ 2,Cnq, properly contained in Grpn ´ 2,Cnq because
dimpY q ă dim`Grpn´ 2,Cnq˘. Now, after replacing Ω by Ωr Z 1, we can assume
that β : C Ñ Ω is everywhere a local isomorphism. We now claim that β1 is simple
via direct computation. Indeed, since smoothness can be verified locally, let us fix a
point p P C, and denote by f1 and f2 P Op local generators of C. Since β is simple
at p, there exist an (analytic) local coordinate system pλ, x1, x2q at p such that
βpλ, x1, x2q “ λ and E is locally contained in px1x2 “ 0q. Since pi : C Ñ Ω is a local
isomorphism around p and C is smooth and adapted to E, if follows that the map
pλ, x1, x2q Ñ pλ, f1, f2q is a local isomorphism and E Ă pf1f2 “ 0q. Therefore, up
to a local change of variables, we can assume that f1 “ x1 and f2 “ x2, and we
easily conclude that β1 : M 1 Ñ Ω is simple. 
Now, recall that we have an embedding of pX, 0q in pCn, 0q and let Φ: pX, 0qˆΩ Ñ
pC2, 0q ˆ Ω be the morphism defined as Φpx,Dq “ ``Dpxq,D˘, which is generically
of maximal rank. Let pi : pXpi, Eq Ñ pX, 0q be a resolution of singularities of
pX, 0q which factors through the blowup of its maximal ideal and through its Nash
transform. We note that, by using Grauert Proper Mapping Theorem, resolution
of singularities, and the universal property of blowups, there exists a sequence of
blowups α : pZ,Gq Ñ pXpi, Eq ˆ Ω and an analytic morphism Ψ: pZ,Gq Ñ pY,Fq
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such that Ψ´1pFqred “ Gred and the following diagram
pZ,Gq α //
Ψ

pXpi, Eq ˆ Ω piˆId // pX, 0q ˆ Ω
Φ

pY,Fq σ // pC2, 0q ˆ Ω β // Ω
(3)
is commutative, with βY “ β ˝ σ simple. Thanks to Lemma 3.2, up to shrinking the
size of the open Ω if necessary, the morphism βZ “ βY ˝Ψ is simple as well. We are
now ready to complete the proof of Lemma 3.1.
Proof of Lemma 3.1. The map r`|Γpi is determined by its restriction to the set of
divisorial points of Γpi, as those form a dense subset of Γpi. Since βZ and βY are
simple, for every pair of elements D,D1 of Ω, the following diagram commutes
V pΓpiqr`D
zz
r`D1
%%
V pΓσD q rρD,D1 // V pΓσD1 q
We now need to prove the result on the divisorial points of Γpi which are not vertexes
of Γpi. It is sufficient to consider the case where v is the divisorial point associated
with the exceptional curve of the blowup pi1 : pX 1pi, E1q Ñ pXpi, Eq of center Ev1XEv2 ,
since the same argument can then be repeated verbatim for general sequence of point
blowups. Observe that if Ev ˆ Ω is already a component of G, then r`Dpvq P ΓσD
for every D P Ω, and we conclude easily. If Gv “ Ev ˆ Ω is not a component of
G, we note that Gv1 X Gv2 “ pEv1 X Ev2q ˆ Ω is an admissible center in pZ,Gq,
since all blowups in α are admissible. We therefore may perform this extra blowup
α1 : pZ 1,G1q Ñ pZ,Gq, whose exceptional divisor Gv “ Ev ˆ Ω is trivial with respect
to the family structure. Fix D P Ω, set w1 “ `Dpv1q and w2 “ `Dpv2q, and consider
the associated components FDw1 and FDw2 of F . Then, after performing a sequence
of combinatorial blowups ρ : pY 1,F 1q Ñ pY,Fq, starting with blowing up the center
FDw1 X FDw2 , the projection r`D1pvq belongs to the graph of ΓρD1˝σD1 for every D1
in Ω. We have obtained, without the need to shrink the size of Ω, the following
commutative diagram:
pZ 1,G1q
Ψ1

α1 // pZ,Gq
Ψ

α // pXpi, Eq ˆ Ω piˆId // pX, 0q ˆ Ω
Φ

pY 1,F 1q ρ // pY,Fq σ // pC2, 0q ˆ Ω β // Ω
where βY 1 “ β ˝ σ ˝ ρ and βZ1 “ βY 1 ˝ Ψ1 are simple morphisms. We conclude
easily. 
Remark 3.3. If pX, 0q is an hypersurface in pC3, 0q, shrinking the open set Ω
is not necessary when applying Lemma 3.2, since a resolution of the family can
be constructed everywhere by performing a Hirzebruch–Jung process in family,
exploiting the fact that, thanks to [PP02, Corollary 3.4] (or, more generally, to
[PP04, Theorem 5.1]), the combinatorial data of the quasi-ordinary singularities
that appear during the process are constant in the family.
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We conclude the section by recalling the definition of the local degree of a
divisorial point v of NLpX, 0q, as it will be very important in the remaining part
of the paper. Let ` : pX, 0q Ñ pC2, 0q be a generic projection of pX, 0q and consider
the diagram (2) (page 9). For each component Eν of pi´1`,v p0q (respectively Eν1 of
σ´1`,v p0q), let us choose a tubular neighborhood disc bundle NpEνq (resp. NpEν1q),
and consider the two sets
N pEvq “ NpEvqr
ď
Eν‰Ev
NpEvq and N pE˜`pvqq “ NpE˜`pvqqr
ď
Eν1‰E˜`pvq
NpEν1q
in Xpi`,v and Yσ`,v respectively. We can then adjust the disc bundles NpEνq and
NpEDω q in such a way that the cover ` restricts to a cover
`v : pi`,v
`N pEvq˘ ÝÑ σ`,v`N pE`pvqq˘ (4)
branched precisely on the polar curve of ` (if v is not a P-node, the branching locus
is just the origin). Using a resolution in family over Ω as in the proof of the Lemma
3.1, it is easy to deduce the following result.
Lemma 3.4. For every divisorial point v of NLpX, 0q, the map Ω Ñ N that sends
a generic projection ` : pX, 0q Ñ pC2, 0q to the degree degp`vq of the cover `v is
constant.
Therefore, we can set degpvq “ degp`vq. We call this integer the local degree of a
generic projection of pX, 0q at v, or simply the local degree of pX, 0q at v.
4. Generic projections of LNE surfaces
In this section we study LNE surface germs by establishing some properties
related to their generic projections.
We begin by proving the invariance of multiplicities under generic projections,
and showing a characterization of the P-nodes of a LNE surface in terms of their
local degrees. More precisely, we prove the following result:
Lemma 4.1. Let pX, 0q be an LNE surface germ, let ` : pX, 0q Ñ pC2, 0q be a
generic projection, let pi : Xpi Ñ X be the minimal good resolution of pX, 0q which
factors through its Nash transform and the blowup of its maximal ideal, and let v be
a divisorial point of Γpi Ă NLpX, 0q. Then:
(i) mv “ m˜`pvq ;
(ii) v is a P-node of pX, 0q if and only if deg v ą 1.
Proof. We begin by proving (i). We use again the notations introduced in the
proof of Lemma 3.1. Write ` “ `D and set piv,D “ piD ˝ αv,D : Xv,D Ñ X and
σv,D “ σD ˝ α1v,D : Yv,D Ñ C2. Let Ev be the irreducible component of ppiv,Dq´1p0q
corresponding to v. Set w “ r`Dpvq and denote by Ew be the corresponding
irreducible component of pσv,Dq´1p0q.
Take a curvette γ˚ of Ew which does not intersect a component of the strict
transform of the discriminant curve ∆D and let pγ, 0q Ă pC2, 0q be the irreducible
curve germ defined by γ “ σv,Dpγ˚q, so that we have mw “ multpγq. Among the
components of p`Dq´1pγq we can find an irreducible curve germ pγ on pX, 0q whose
strict transform by piv,D is a curvette of Ev, so that we have mv “ multppγq. We then
have multppγq “ k ¨multpγq, where k is the degree of the covering pγ Ñ γ induced by
`).
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We will argue by contradiction. Assume that multppγq ‰ multpγq, that is that
k ą 1. Our goal will be to construct two real arcs pδ1 and pδ2 inside γˆ whose
inner and outer contact do not coincide; this will then imply that pX, 0q is not
LNE, contradicting our hypothesis. In order to do so, we consider another generic
projection `D1 : pX, 0q Ñ pC2, 0q, chosen to be generic with respect to the curve pγ as
well, and set γ1 “ `D1ppγq. Then the cover pγ Ñ γ1 induced by `D1 has degree 1, and
thus pγ and γ1 have the same multiplicity since multppγq “ degreep`D1 |pγqmultpγ1q “
multpγ1q. Set w1 “ r`D1pvq. By Lemma 3.1, we have w1 “ ηD,D1pwq, and thus
mw1 “ mw and qw1 “ qv “ qw. Moreover, by definition of ηD,D1 , the strict transform
of γ1 by σv,D1 intersects pσv,D1q´1p0q in a smooth point p of Ew1 .
Observe that, since the plane curve germ γ is the image through σv,D of a curvette
of Ew, it has no characteristic Puiseux exponent strictly greater than the inner
rate qw of w. On the other hand, the strict transform of γ1 by σv,D1 cannot be a
curvette of Ew1 since multpγ1q “ multppγq “ kmw1 ą mw1 . Therefore, the minimal
good embedded resolution of γ1 is obtained by composing σv,D1 with a nontrivial
sequence of point blowups, starting with the blowup of Yσv,D1 at p. Let Ew2 be the
last irreducible curve created by this sequence, so that the strict transform of γ1 is
a curvette of Ew2 . Then the inner rate qw2 of Ew2 , which is strictly greater than
qw1 “ qw, is a characteristic Puiseux exponent of γ1.
Let us choose an embedding pX, 0q Ă pCn, 0q and coordinates px1, . . . , xnq of Cn
such that `D1pxq “ px1, x2q and γ1 is not tangent to the line x1 “ 0. Therefore, since
qw2 is a characteristic Puiseux exponent of γ1, we can find a pair of real arcs δ11 and
δ12 among the components of the intersection γ1 X tx1 “ t | t P Ru such that their
contact qpδ11, δ12q is equal to qw2 (we refer to [NP14, §3] for details on this classical
result about Puiseux expansions). Let pδ1 and pδ2 be two liftings of δ11 and δ12 via
`1. Since the projection `D1 is generic with respect to pγ, it induces by [Tei82, pp.
352-354] a bilipschitz homeomorphism for the outer metric from pγ onto γ1, and
therefore the outer contacts qoutppδ1, pδ2q and qpδ11, δ12q coincide, so that in particular
qoutppδ1, pδ2q “ qw2 is greater than qv.
We will now show that the inner contact qinnppδ1, pδ2q between pδ1 and pδ2 is at most
qv, which will yield the contradiction we were after.
Observe that the inner contact q “ qinnppδ1, pδ2q between pδ1 and pδ2, which is defined
by dinnppδ1ptq, pδ2ptqq “ Θptqq, can also be computed as dFtinnppδ1ptq, pδ2ptqq “ Θptqq,
where dFtinnppδ1ptq, pδ2ptqq denotes the inner distance between pδ1ptq and pδ2ptq inside
the Milnor fiber Ft “ X X tx1 “ tu, that is the distance measured by taking the
infimum of the inner lengths of the paths joining pδ1ptq to pδ2ptq inside Ft. This is a
consequence of the fact that, by [BNP14] and in the language therein, the subset
pi
`N pEvq˘ of pX, 0q is a Bpqvq-piece fibered by the restriction of the generic linear
form x1 whenever qv ą 1, while it is a conical piece if qv “ 1.
In order to conclude, consider a small disc D contained in the divisor Ev and
centered at the point pγ˚ XEv and let N – D ˆD1 be a trivialization of the normal
disc-bundle to Ev over D such that pγ˚ “ t0u ˆ D1. The intersection Ft X pipNq
consists of mv disjoint discs each centered at one of the mv distinct points of pγ XFt.
Since δ1ptq and δ2ptq are two of these points, then they are the centers of two of these
discs, D1 and D2 respectively. Since these two discs have diameters Θptqv q, any
path from pδ1ptq to pδ2ptq inside Ft will have intersections with D1 and D2 of length
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at least Θptqv q. Therefore qinnppδ1, pδ2q ď qv, and so qinnppδ1, pδ2q ă qoutppδ1, pδ2q, which
contradicts the fact that pX, 0q is LNE. This completes the proof that mv “ m˜`Dpvq.
Let us now prove (ii). If v is a P-node, then it immediately follows from the
definition of degree that degpvq ą 1, because the cover ` is ramified in a neighborhood
of the polar curve. Assume that v is not a P-node and that deg v ą 1. We use again
the plane curve γ introduced in the proof of (i).
By the definition of degpvq, the curve `´1pγq has kv irreducible components whose
strict transforms by piv,D are curvettes of Ev, where kv divides degpvq, and we have
mv “ m r`pvqdegpvq{kv. Since mv “ m r`pvq by (i), then degpvq “ kv, so kv ą 1. Let pγ1
and pγ2 be two components of `´1pγq whose strict transforms by piv,D are curvettes of
Ev, and let us consider two real arcs pδ1 Ă pγ1 and pδ2 Ă pγ2 such that `Dppδ1q “ `Dppδ2q.
By definition of qv, we have qinnppγ1, pγ2q “ qv and then qinnppδ1, pδ2q “ qv. Since v is
not a P-node, the lifted Gauss map λ˜ (see [NPP19a, Definition 6.11]) is constant
along Ev and we then have rλpp1q “ rλpp2q, see page 19 in loc. cit. By [NPP19a,
Lemma 9.1], this implies qinnpδ1, δ2q ă qoutpδ1, δ2q, therefore pX, 0q is not LNE,
contradicting the hypothesis. 
Remark 4.2. Whenever v is not a P-node, then part (i) of the theorem is an immedi-
ate consequence of (ii). Indeed, consider the degree degpvq cover `v : pi`,v
`N pEvq˘Ñ
σ`,v
`N pE`pvqq˘ of equation (4) (page 13), choose coordinates of C2 so that ` “
pz1, z2q, with h “ z1 a generic linear form on pX, 0q. Then `v restricts to a degree
degpvq cover from the intersection Fv “ N pEvqXth “ tu to its image `pFvq, implying
that mv “ km˜`pvq, where the integer k divides degpvq.
As a simple consequence of Lemma 4.1.(ii) we deduce the following result.
Corollary 4.3. Let pX, 0q be a LNE surface germ, let v be a divisorial point of
NLpX, 0q, and assume that v is associated with an exceptional component Ev of
genus g ą 0 in some good resolution of pX, 0q. Then v is a P-node of pX, 0q.
Proof. Consider again the finite cover `v : pi`,v
`N pEvq˘Ñ σ`,v`N pE`pvqq˘ of equa-
tion (4) (page 13), and assume that v is not a P-node. Then `v is an homeomorphism
by Lemma 4.1, and so is its restriction `v| : N pEvqXEv Ñ N pE`pvqqXE`pvq. Observe
that N pEvq X Ev (respectively NpE`pvqq X E`pvq) is the complex curve Ev (resp.
E`pvq) with a finite union of discs removed. Since E`pvq has genus zero, this implies
that Ev also has genus zero. 
Example 4.4. Let us show with an example that the hypothesis that pi is minimal
is required in Lemma 4.1. Let pX, 0q be the standard singularity A2, which is the
hypersurface singularity in pC3, 0q defined by the equation x2` y2` z3 “ 0. A good
resolution pi : Xpi Ñ X of pX, 0q can be obtained by the method described in [Lau71,
Chapter II]. It considers the generic projection ` “ `D “ py, zq : pX, 0q Ñ pC2, 0q and,
given a suitable embedded resolution σ∆ : Yσ∆ Ñ C2 of the associated discriminant
curve ∆: y2 ` z3 “ 0, gives a simple algorithm to compute a resolution of pX, 0q as
a cover of Y . In this example, ∆ is a cusp and the dual graph Γσ∆ of its minimal
embedded resolution σ∆ is depicted on the left of Figure 1. Its vertices are labeled
as w0, w1, and w2, in their order of appearance as exceptional divisors of blowups
in the resolution process, the negative number attached to each vertex denotes the
self-intersection of the corresponding exceptional curve, while the positive numbers
in parentheses denote the multiplicities and the arrow denotes the strict transform
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of ∆. In this case Laufer’s algorithm gives us the dual graph of a good resolution
pi` of pX, 0q such that ` ˝ pi` factors through σ∆, appearing as the second graph
from the left in Figure 1. Again, all exceptional components are rational, each
vertex is decorated by the self-intersection of the corresponding exceptional curve,
the arrow denotes the strict transform of ∆, and the vertices as labeled in a way
that ˜`pv0q “ ˜`pv10q “ w0, ˜`pv1q “ w1, and ˜`pv2q “ w2. Observe that the vertex v1
has multiplicity 2, but it is sent by ˜` to the vertex w1, which has multiplicity 1.
However, the rational curve Ev1 associated with the vertex v1 has self-intersection
´1 and can thus be contracted. The resulting map pi : Xpi Ñ X, which no longer
factors through σ∆, is the minimal resolution of pX, 0q factoring through its Nash
transform. Observe that its P-node v2 can also be contracted, yielding the minimal
good resolution of pX, 0q, which in this case does not factor through the Nash
transform of pX, 0q.
Γσ∆
´3 ´1 ´2
p1q p2q p1q
w0 w2 w1
∆˚
˜` v0 v10v2
v1
Π˚
´3 ´2 ´3
´1
p1q p2q p1q
p2q
Γpi`
Ą
Π˚
v0 v10v2
´3 ´1 ´3
p1q p2q p1q
Γpi
Figure 1. Dual resolution graphs for the plane curve ∆ (left) and
for the surface singularity X “ A2 (middle and right).
In the proof of Lemma 4.1, the minimality of pi is only required in order to apply
Lemma 3.1. Therefore, this examples also shows how the commutativity of the
diagram of Lemma 3.1 may fail to hold on a larger dual graph such as Γpi` .
We can now move our focus to the morphism ˜` induced by a generic projection
` : pX, 0q Ñ pC2, 0q, and more precisely to its restriction to the dual graph Γpi of
some good resolution of pX, 0q. Recall that, given a graph Γ, we denote by V pΓq the
set of its vertices. In general, even whenever pi factors through the Nash transform
of pX, 0q, it is not possible to find a suitable sequence of blowups σ : Y Ñ C2 above
0 such that ˜` induces a morphism of graphs ˜`|Γpi Ñ Γσ, since in order to make the
elements of ˜`` V pΓpiq
˘
appear among the vertices of Γσ, one usually introduces too
many additional vertices, so that the image ˜`peq of some edge e of Γpi is not an edge
of Γσ, but only a string of several edges. Remarkably, thanks to Lemma 4.1.(ii),
in the case of LNE surfaces we can control this phenomenon completely. Indeed,
the following proposition explains that in this case we do get a morphism of graphs,
provided that we restrict our attention to a subgraph of Γpi that does not contain a
P-node of pX, 0q in its interior.
Proposition 4.5. Let pX, 0q be an LNE surface germ, let pi : Xpi Ñ X be the
minimal good resolution of pX, 0q that factors through its Nash blowup, let ` : pX, 0q Ñ
pC2, 0q be a generic projection, and let ˜`: NLpX, 0q Ñ NLpC2, 0q be the map induced
by `. Let Γ0 be a subgraph of Γpi and assume that there exists a connected component
W of ΓpirtP- nodesu such that Γ0 is contained in the topological closure of W in Γpi.
Let σΓ0 : YσΓ0 Ñ C2 be the minimal sequence of point blowups such that ˜`pV pΓ0qq Ă
V pΓσΓ0 q. Then the restriction ˜`|Γ0 : Γ0 Ñ NLpC2, 0q induces an isomorphism of
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graphs between Γ0 and a subgraph of ΓσΓ0 . Moreover, this isomorphism respects the
weights of all vertices of Γ0 that are not P-nodes.
In particular, this means that not only vertices and edges of Γ0 are sent respectively
to vertices and edges of ΓσΓ0 , but also that if v is a vertex of Γ0 which is not a P-
node, then we have gpEvq “ gpE˜`pvqq “ 0 and E2v “ E2˜`pvq (the two self-intersection
being computed in Xpi and in YσΓ0 respectively).
Proof. Let us assume for the time being that Γ0 is connected. If W contains at
least one vertex of Γ0, that is if Γ0 has at least a vertex which is not a P-node of
pX, 0q, denote by Γ10 the maximal subgraph of Γ0 contained in W and set V pΓ10q “
tv1, . . . , vru. Let U be a tubular neighborhood of the curve C “ Ev1 Y . . .Y Evr in
Xpi. Since the incidence matrix of Γ10 is negative definite, the analytic contraction
η : U Ñ pS, pq of the curve C onto a point p defines a normal surface singularity
pS, pq. Observe that, since pi is the minimal resolution of pX, 0q which factors
through its Nash transform, the only exceptional components of pi that could be
contracted while retaining smoothness of the ambient surface are associated with
P-nodes of pX, 0q; since Γ10 contains no P-node, this implies that η : U Ñ pS, pq is
the minimal good resolution of the surface germ pS, pq. If W contains no vertex of
Γ0, than either Γ0 consists of a single P-node, in which case the lemma is clearly
true (we can thus disregard this case in the rest of the proof), or Γ0 consists of
two P-nodes v and v1 and a single edge corresponding to an intersection point
p “ Ev X Ev1 , in which case we set S “ U “ pXpi, pq and η “ IdU .
Let pi1 : Xpi1 Ñ X be the minimal resolution of pX, 0q that factors through its
Nash transform and through YΓ0 . Then pi1 factors through pi by minimality of the
latter, so that we obtain a commutative diagram as follows:
Xpi1
β //
p`

Xpi
pi // X
`

YΓ0
σΓ0 // C2
Set pU “ β´1pUq and U 1 “ p`ppUq. By minimality of σΓ0 , β restricts to an isomorphism
β| pU : pU Ñ U . Write ˜`pW X Γ0q X V pΓσΓ0 q “ tw1, . . . , wsu, so that by construction
U 1 is a tubular neighborhood of Ew1 Y . . . Y Ews in YΓ0 . Similarly as above, the
contraction of the union of curves C 1 “ Ew1 Y . . . Y Ewn in U 1 defines a normal
surface singularity pS, p1q and an analytic map η1 : U 1 Ñ pS1, p1q which is a good
resolution of pS1, p1q. Moreover, the restriction p`|U induces a finite analytic mapq`: pS, pq Ñ pS1, p1q.
Since W contains no P-node, then by Lemma 4.1.(ii) we have degpwq “ 1 for
every divisorial point w of W X Γ0. This implies that all fibers of q`have cardinality
1 and therefore q` is an isomorphism. It follows that q`´ 1 ˝ η1 is a good resolution
of pS, pq, and therefore by minimality of the resolution η the map q`´ 1 ˝ η1 factors
through η via an analytic map α : pU 1, C 1q Ñ pU,Cq, so that we obtain the following
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commutative diagram:
ppU, pCq
p`

pU,Cq
`
β|xU
˘´1
oo η // pS, pq
pU 1, C 1q
α
88
η1 // pS1, qq
q`´ 1
OO
The morphism α is therefore an analytic isomorphism with inverse p`˝pβ| pU q´1, which
completes the proof of the lemma for Γ0 connected. Whenever Γ0 is not connected,
we can repeat the proof above for each one of its connected components, now that
we know that ˜` is injective on the closure of W , and therefore on Γ0. 
What might prevent Proposition 4.5 from holding globally on Γpi is that, for
example, there might exist an edge e of Γpi such that ˜`peq contains in its interior
one (and, for the sake of the example, exactly one) point of the form ˜`pvq for some
vertex v elsewhere in Γpi. However, whenever this happens it is always possible to
refine the graph Γpi, performing a blowup of the double point of the exceptional
divisor of Xpi that corresponds to e and thus subdividing the edge e by adding a
new vertex w, and this vertex satisfies ˜`pwq “ ˜`pvq. Observe that, if pX, 0q were
arbitrary, this may still fail to give a morphism of graphs since the vertex associated
with the blowup would not necessarily be sent to ˜`pvq by ˜`. The fact that this does
not occur in the case of LNE surfaces, and that therefore we can refine Γpi to obtain
a morphism of graphs, is the the content of the following corollary.
Corollary 4.6. Let pX, 0q be an LNE surface germ, let pi : Xpi Ñ X be the minimal
good resolution of pX, 0q that factors through its Nash blowup, let ` : pX, 0q Ñ pC2, 0q
be a generic projection, let ˜`: NLpX, 0q Ñ NLpC2, 0q be the map induced by `,
and let σ` : Yσ` Ñ C2 be the minimal sequence of blowups of C2 above 0 such
that ˜`` V pΓpiq
˘ Ă V pΓσ`q. Then there exists a good resolution pi1 : Xpi1 Ñ X of
pX, 0q, obtained by composing pi with a finite sequence of blowups of double points
of the successive exceptional divisors, such that ˜` induces a morphism of graphs
˜`|Γpi1 : Γpi1 Ñ Γσ` .
Proof. Let e be an edge of Γpi and let Γ0 be the subgraph of Γpi that consists of e and
of the two vertices v and v1 to which the latter is adjacent. Let σΓ0 be the minimal
sequence of blowups above 0 such that ˜`pvq, ˜`pv1q P V pΓσΓ0 q. By Proposition 4.5,
˜`peq is an edge of ΓσΓ0 , and in particular ˜` induces an isomorphism of smooth germs
α : pXpi, EvXEv1q „ÝÑ pYσΓ0 ,E˜`pvqXE˜`pv1qq. Now, σ` factors through σΓ0 by minimality
of the latter. In particular, a finite sequence of blowups above E˜`pvqXE˜`pv1q occur in
this factorization. By performing the same sequence of blowups on pXpi, Ev XEv1q
via the isomorphism α, we subdivide the edge e in a chain of edges that is sent
isomorphically to a subgraph of Γσ` via ˜`. Repeating this procedure for every edge
e of Γpi, we obtain the resolution pi1 that we were after. 
Observe that the resulting morphism of graphs ˜`|Γpi1 : Γpi1 Ñ Γσ` is not surjective,
as is clear from Example 4.4. This issue be discussed further in Section 7.
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5. Inner rates on LNE surface germs
In this section we move to the study of the inner rates on LNE surface germs
and prove parts (iii) and (iv) of Theorem 1.1.
Recall that the inner rate qv of a divisorial point Ev of NLpX, 0q is defined as the
inner contact qinnpγ1, γ2q, where γ1, γ2 Ă pX, 0q are two curve germs that pullback
to two curvettes through distinct point of the divisor Ev associated with v via
any good resolution pi : Xpi Ñ X of pX, 0q that makes the divisor Ev appear. This
definition only depends on the divisorial valuation v (see [BdSFP19, Lemma 3.2]).
We begin by endowing the dual graph of a good resolution of pX, 0q with a natural
metric. Let pi : Xpi Ñ X be a good resolution of pX, 0q factoring through the blowup
of its maximal ideal of pX, 0q, and denote by |Γpi| the topological space underlying the
graph Γpi. We endow |Γpi| with the metric defined by declaring that the length of an
edge connecting two vertices v and w is equal to 1{ lcmpmv,mwq, and denote by d the
associated distance function. Observe that, since the exceptional component of the
blowup of an intersection point between the two components associated with v and
w is mv`mw, and 1{ lcmpmv,mwq “ 1{ lcmpmv,mv`mwq`1{ lcmpmv`mw,mwq,
the metric on |Γpi| is compatible with subdividing the edges of the graph Γpi by
blowing up Xpi at double points of pi´1p0q, and thus induces a metric on NLpX, 0q.
The reader should be warned that this metric on Γpi is not the same as the one
defined in [BdSFP19, §2.1], albeit it is strictly related to the latter and was already
briefly used in Lemma 5.5 of loc. cit.
The following proposition is strictly stronger than part (iii) of Theorem 1.1, as
it computes inner rates on the whole NLpX, 0q rather than on a specific resolution
graph.
Proposition 5.1. Let pX, 0q be an LNE surface germ. Then, for every divisorial
point v of NLpX, 0q, the inner rate qv of v equals dpv, VLq`1, where dpv, VLq denotes
the distance of v from the set VL of all L-nodes of pX, 0q.
Proof. Let pi : Xpi Ñ X be the minimal good resolution of pX, 0q which factors
through its Nash transform and let Γpi1 be a refinement of Γpi as in Corollary 4.6.
We will begin by proving the wanted equality for divisorial points contained in
Γpi1 . Denote by w0 be the unique L-node of pC2, 0q. For every divisorial point w
of NLpC2, 0q the inner rate of v is dpw,w0q ` 1 by [BdSFP19, Lemma 5.5] (or by a
simple computation using Lemma 3.6 of loc. cit.). Since the inner rates on pX, 0q
and pC2, 0q commute with the map ˜` (see [BdSFP19, Lemma 3.2]), we need to show
that dpv, VLq “ dp˜`pvq, w0q. We claim that, if γ is an injective path in Γpi1 connecting
two divisorial points v1 and v2, then the length of γ is greater or equal to the length
of its image ˜`pγq in NLpC2, 0q, with equality holding as long as ˜`maps γ injectively
onto its image. Indeed, any edge e in γ is sent via ˜` to an edge ˜`peq of the dual
graph of some sequence of blowups of pC2, 0q thanks to Corollary 4.6. It then follows
from Lemma 4.1.(i) that the edges e and ˜`peq have the same length, which implies
our claim. In particular, since VL “ ˜`´ 1pw0q, we deduce that dpv, VLq ě dp˜`pvq, w0q.
To obtain the converse inequality it is sufficient to prove that there exists a path
γ from v to an element of VL where ˜` is injective. This follows from the fact that
there exists such a path along which the inner rate function is strictly decreasing
(and hence injective), which was proven in [BdSFP19, Proposition 3.9]. The fact
that the equality holds on the whole of NLpX, 0q is a consequence of [BdSFP19,
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Lemma 5.5] (which is itself based on the same computations from Lemma 3.6 of loc.
cit. that we have already used above. 
Remark 5.2. Proposition 5.1 shows that the inner rate function generalizes the
function s used by Spivakovsky in [Spi90, Definition 5.1] to study minimal and
sandwiched surface singularities.
In order to prove part (iv) of Theorem 1.1, we need to rely on a deeper result,
the so-called Laplacian formula for the inner rate function that we obtained in
[BdSFP19] and that we will briefly recall now. In order to state this formula we will
introduce two additional vectors indexed on the vertices of the dual graph Γpi of a
good resolution pi : Xpi Ñ pX, 0q of pX, 0q. Assume that pi factors through the blowup
of the maximal ideal of pX, 0q and let Lpi and Ppi be respectively the L- and the
P-vector of pX, 0q as before. For every vertex v of Γpi, set kv “ valΓpi pvq ` 2gpvq ´ 2
and av “ mvqv, and consider the vectors Kpi “ pkvqvPV pΓpiq and Api “ pavqvPV pΓpiq.
Denote by IΓpi the incidence matrix of the exceptional divisor of pi. Then the
following equality holds:
IΓpi ¨Api “ Kpi ` Lpi ´ Ppi. (5)
This equality is an effective version (see [BdSFP19, Proposition 5.3]) of the main
result of loc. cit.
Proof of part (iv) of Theorem 1.1. For every vertex v of Γpi, equation (5) yields
mvqvE
2
v `
ÿ
v1
mv1qv1 “ valγpi pvq ` 2gpEvq ´ 2` lv ´ pv ,
where the sum runs over the vertices v1 of Γpi adjacent to v. Then the equality we want
follows from the fact that Ev ¨řvPV pΓpiqEv “ E2v`valΓpi pvq, that lv “ Ev ¨ZmaxpX, 0q
by definition of lv, that ZmaxpX, 0q “ Zmin by part (ii) of the theorem, and that
Ev ¨ ZΓpi “ ´E2v ` 2gpEvq ´ 2 by definition of ZΓpi . 
6. End of the proof of Theorem 1.1
In this section we conclude the proof of Theorem 1.1, showing parts (v) and (vi),
which means that we are interested in determining the P-nodes of the LNE surface
germ pX, 0q.
We begin with two definitions. Let pi denote a good resolution of pX, 0q that
factors through the blowup of its maximal ideal and through its Nash transform, let
v be a vertex of Γpi, and let e “ rv, v1s be an edge of Γpi adjacent to v. We say that
e is incoming at v if we have qv ą qv1 . Following [Spi90, Definition 5.3], whenever v
has at least two incoming edges, we say that it is a central node of Γpi.
Observe that the L-nodes of Γpi have no incoming edges, and that the number of
incoming edges at a vertex v does not depend on the choice of a resolution such
that v is a vertex of the associated graph, since the inner rate increases along any
new edge introduced by blowing up a smooth point. In the LNE case, we can prove
the following more precise result, building on the local degree formula [BdSFP19,
Lemma 4.18].
Lemma 6.1. Let pX, 0q be a LNE surface germ with isolated singularities, let pi be
a good resolution of pX, 0q that factors through its Nash transform, and let v be a
vertex of Γpi. Then the local degree degpvq at v equals lv if v is an L-node of Γpi, or
the number of incoming edges of Γpi at v otherwise.
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Proof. Denote by ` : pX, 0q Ñ pC2, 0q a generic projection. Assume first that v is
an L-node. In this case, we can compute the degree directly via the definition and
a generic projection h : pX, 0q Ñ pC, 0q that factors through ` (that is, there exists
a projection `h : pC2, 0q Ñ pC, 0q such that h “ `h ˝ `). More precisely, let γ be the
curve h´1p0q XX. Since h factors through `, we know that `pγq is a line in pC2, 0q.
Now, lv corresponds to the number of distinct irreducible components of the strict
transform of γ by pi that intersect Ev. Since each of those components is smooth,
we conclude that degpvq “ lv by computing the degree via γ using the definition.
Assume now that v is not a L-node. By Corollary 4.6, there exist a refinement Γpi1
of Γpi and a sequence of blowups σ : Y Ñ C2 such that ˜` induces a morphism of
graphs Γpi1 Ñ Γσ. In particular, since ˜` respects inner rates (see again [BdSFP19,
Lemma 3.2]), all edges of Γpi1 that are incoming at v are sent to the unique edge of
Γσ that is incoming at ˜`pvq (its uniqueness can for example be seen as a consequence
of Proposition 5.1). The lemma follows now by applying the formula of [BdSFP19,
Lemma 4.18], observing that the local degree degpeq along every edge adjacent to v
equals 1 by Lemma 4.1.(ii) and that, even if further blowups may be needed to pass
from pi1 to a resolution adapted to `, no new edge can be incoming at v. 
We can now complete the proof of our main theorem.
End of proof of Theorem 1.1. Let pX, 0q be an LNE surface germ with an isolated
singularity, let pi : Xpi Ñ X be the minimal good resolution of pX, 0q, let pi1 : Xpi1 Ñ X
be the minimal one that factors through the Nash transform, and let v be a vertex
of Γpi1 . By combining the lemmas 4.1.(ii) and 6.1, we obtain the following:
v is a P-node of Γpi1 if and only if either lv ą 1, or v is a central node of Γpi1 (˚)
which establishes part (v) of the theorem. We claim that this also implies that
the P-nodes of Γpi1 are already on the graph Γpi Ă Γpi1 (possibly in the interior
of some edge). Indeed, if v is a vertex of Γpi1 r Γpi, since pi1 is obtained from
pi by a sequence of point blowups, we deduce from Proposition 5.1 that there is
only one incoming edge at v (observe that all L-nodes of pX, 0q are contained in
Γpi thanks to Proposition 2.2), so that the claim follows from (˚). Therefore we
obtain pi1 by successive blowups of double points on the exceptional divisor of pi.
Now, let e be an edge of Γpi. If e “ rv, v1s contains no P-node, then it is also
an edge of Σpi1 , and by applying Proposition 4.5 to its closure we deduce that its
image through the map induced by a generic projection ` : pX, 0q Ñ pC2, 0q is an
edge ˜`peq “ r˜`pvq, ˜`pv1qs of Γσ` . Therefore we have |q˜`pvq ´ q˜`pv1q| “ d
`˜`pvq, ˜`pv1q˘,
as it can for example be seen by Proposition 5.1, and since the inner rate map
commutes with ˜`, and dpv, v1q “ d`˜`pvq, ˜`pv1q˘ by Lemma 4.1.(i), we deduce that
if |qv ´ qv1 | “ dpv, v1q. This shows that if |qv ´ qv1 | ă dpv, v1q then e must contain
a P-node. Conversely, if e contains a P-node w then, as it can only contain one
P-node, e is folded in two by the projection ˜`. It follows that, with respect to
the distance d, the inner rate grows linearly with slope 1 from v to w, and then
decreases linearly with slope 1 from w to v1, so that |qv ´ qv1 | ă dpv, v1q. We also
deduce that dpv, v1q “ dpv, wq ` dpw, v1q “ pqw ´ qvq ` pqw ´ qv1q, and therefore
qw “
`
dpv, v1q ` qv ` qv1
˘{2. This reasoning can be repeated after blowing up the
double point of pi´1p0q corresponding to e, and is therefore sufficient to establish
part (vi) of Theorem 1.1 and thus conclude its proof. 
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7. Discriminant curves
We will now move our focus to the discriminant curve of a generic plane projection
of a LNE surface germ. We will describe those curves completely, proving in
Theorem 7.5 a more precise version of Theorem 1.2 from the introduction. In order
to do so, we need to pursue in greater depth the study of the properties of the map
˜` already undertaken in Section 4
Let pX, 0q be an LNE normal surface singularity, let pi : Xpi Ñ X be the minimal
good resolution which factors through its Nash transform, let ` : pX, 0q Ñ pC2, 0q
be a generic projection, let ˜`: NLpX, 0q Ñ pC2, 0q be the induced morphism, and,
as in Section 4, let σ` : Yσ` Ñ C2 be the minimal sequence of blowups above 0 such
that ˜`` V pΓpiq
˘ Ă V pΓσ`q. We call ∆-node of Γσ` any vertex v which is the image by
˜` of a P-node of Γpi, and we call root vertex of Γσ` the image by r` of the L-nodes
of Γpi. Observe that the root vertex of Γσ` is the divisorial point associated with
the exceptional divisor of blowup of C2 at 0, which can also be seen as the unique
L-node of pC2, 0q, and that a vertex v of Γσ` is a ∆-node if and only if Ev intersects
the strict transform ∆˚ of the discriminant curve ∆ of `.
The following proposition explains that for LNE surfaces the morphism σ`
coincides with the minimal good embedded resolution of the discriminant curve ∆.
Proposition 7.1. Let pX, 0q be an LNE normal surface germ, let ` : pX, 0q Ñ
pC2, 0q be a generic projection of pX, 0q, and let pi : Xpi Ñ X be the minimal good
resolution of pX, 0q that factors through its Nash transform. Consider the three finite
sequences of point blowups of C2 above 0 defined as follows:
‚ σ∆ : Yσ∆ Ñ C2 is the minimal good embedded resolution of the discriminant
curve ∆ associated with ` ;
‚ σΩ : Yσ Ñ C2 is the minimal sequence which resolves the base points of the
family of projected polar curves t`pΠDquDPΩ ;
‚ σ` : Yσ` Ñ C2 is the minimal sequence such that V pΓσ`q contains ˜`` V pΓpiq
˘
.
Then σ∆, σΩ and σ` coincide.
Proof. We begin by showing that σ` and σΩ coincide. First observe that σ` factors
through σΩ, since the latter is the minimal sequence of blowups of C2 over 0 such
that V pΓσΩq contains all the ∆-nodes. This is the case because the base points of
the family of polar curves tΠDuDPΩ are resolved by the Nash transform of pX, 0q,
whose exceptional components correspond to the P-nodes of pX, 0q, and the ∆-nodes
are by definition the image through ˜` of the P-nodes of pX, 0q.
Now, to show that σ` equals σΩ it is enough to show that if w is a vertex of σ`
which is not a ∆-node (nor the root), then w can not be contracted. Now, we can
pick a vertex v of Γpi which is not a P-node (nor a L-node) and such that `1pvq “ w.
Let Γ0 be the star of v in Γpi, which by definition is the subgraph consisting of v, all
adjacent vertices and the edges connecting those to v. By applying 4.5 we see that
gpEvq “ gpEwq “ 0 and E2v “ E2w; note that the first intersection is computed in
Xpi, the second one in YΓ0 . Since σ` factors through σΓ0 , the self-intersection of Ew
in Yσ` is smaller than or equal to E2v . For Ew to be contractible in Yσ` we would
therefore need to have E2v “ ´1. Since E2v is not contractible in Xpi (because it is
not a P- nor a L-node and pi is minimal) and gpEvq “ 0, this would imply that Ev
has valence at least 3 in Γpi. However, this is not possible because Proposition 4.5
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applied to Γ0 would tell us that w has to have valence at least 3 in ΓσΓ0 , which can
not occur for the last divisor appearing in a sequence of blowups of C2.
Let us now prove that σΩ factors through σ∆, that is that it is a good embedded
resolution of the curve ∆. Assume by contradiction that this is not the case, so
that there exist a ∆-node w and a component ∆0 of ∆ whose strict transform
by σΩ, while intersecting Ew at a smooth point p of an exceptional component
Ew, is not a curvette of Ew. This implies that the multiplicity of ∆0 is strictly
greater than mw. Let Π0 be the component of the polar curve Π of ` such that
∆0 “ `pΠ0q. Since pi is minimal, the strict transform of Π0 by pi is a curvette on
an exceptional component Ev such hat ˜`pvq “ w, so that the multiplicity of Π0
equals mv. Since ˜`pvq “ w, by Lemma 4.1.(ii) we have mv “ mw, and therefore
multp∆0q ą multpΠ0q. However, the restriction `|Π0 : Π0 Ñ ∆0 is a bilipschitz
homeomorphism with respect to the outer metric by [Tei82, pp. 352-354], so that in
particular we have multp∆0q “ multpΠ0q, yielding a contradiction. This proves that
σΩ is a good embedded resolution of ∆.
To prove the proposition, it is now sufficient to show that σ∆ factors through σΩ,
that is that it also resolves the base points of the family t`pΠDquDPΩ. Assume by
contradiction that this is not the case, so that there exists a component ∆0 of ∆
whose strict transform by σ∆ meets the exceptional divisor σ´1∆ p0q at a (smooth)
point p which is a base point of the family t`pΠDquDPΩ. Let w be the vertex of
ΓσΩ such that Ew is the irreducible component of σ´1Ω p0q that contains p. The base
point p is resolved by a sequence of point blowups δ which creates a bamboo (that
is, a chain of two-valent vertices ending with a univalent vertex) B living inside
ΓσΩ r Γσ∆ , stemming from the vertex w and having the corresponding ∆-node w1
at its extremity. Since σΩ is a resolution of ∆, we can perform the Hirzebruch–Jung
resolution of pX, 0q with the morphism ` and the morphism σΩ. One takes the strict
transform of pX, 0q by the fiber product of ` and σΩ, then normalize it. Since ` is
a cover branched over the discriminant curve ∆, we then get a normal surface Z
and a finite cover `1 : Z Ñ YσΩ which is ramified over the total transform σ´1Ω p∆q
of the discriminant curve ∆. Resolving the singularities, we obtain a resolution
pi1 : Xpi1 Ñ X of pX, 0q. Since ΓσΩ contains all ∆-nodes, then Γpi1 contains all
P-nodes of pX, 0q, and therefore pi1 factors through pi. Since by the previous part
σΩ factors through σ∆, the total transform σ´1Ω p∆q has normal crossings in YσΩ ,
each singularity of Z is a quasi-ordinary singularity branched over a double point
of σ´1Ω p∆q. The resolution of each one of those quasi-ordinary singularities of Z
has as exceptional divisor a string of rational curves, and the strict transform of
the branching locus consists of the union of two curvettes, one at each extremity
of the string. This implies that the bamboo B lifts by ˜` to a bamboo B1 in the
resolution graph Γpi1 with a P-node at its extremity. This gives a P-node with a
unique inward edge in Γpi1 , and therefore a unique inward edge in Γpi, contradicting
the statement (˚) appearing on page 21. 
We denote by VN pΓpiq the set of nodes of Γpi, that is the subset of V pΓpiq consisting
of the P-nodes, the L-nodes, and of all the vertices of valency at least three in Γpi
(that is, those with at least three adjacent edges). Similarly, we call node of Γσ` a
vertex which is either the root vertex, a ∆-node, or a vertex of valency three in Γσ` ,
and we denote by VN pΓσ`q the set of nodes of Γσ` . The following proposition relates
the nodes of Γpi to the ones of Γσ` .
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Proposition 7.2. Let pX, 0q, pi, `, and σ` be as above. Then we have:
(i) ˜`` V pΓpiq
˘ “ V pΓσ`q ;
(ii) ˜`` VN pΓpiq
˘ “ VN pΓσ`q .
Proof. Part (i) is easy, since ˜`` V pΓpiq
˘ Ă V pΓσ`q by definition of σ`, while the other
inclusion is a direct consequence of Proposition 4.5.
Let us now prove part (ii). By definition, a vertex w of Γσ` is the root vertex
(respectively a ∆-node) of Γσ` if and only if ˜`´ 1pwq contains a L-node (respectively a
P-node) of pX, 0q. To prove the proposition, it is then enough to prove the following
claim: a given vertex w of Γσ` that is not the root vertex nor a ∆-node has valency
at least three if and only if ˜`´ 1pwq contains at least a vertex of valency at least
three in Γpi.
The “if” part of the claim can be easily obtained by taking a vertex v in ˜`´ 1pwq
having valency at least three and applying Proposition 4.5 to the subgraph of Γpi
consisting of v and its adjacent vertices.
Let us prove the “only if” part of the claim. Assume that v is a vertex of Γpi
whose valency is at most 2 and such that ˜`pvq “ w. Since w has valency at least
three in Γσ` , there are at least two outgoing (that is, not incoming in the terminology
of Section 6) edges ew and e1w of Γσ` at v. Since v is not a L-node it must have one
incoming edge, and therefore at most one of the two edges ew and e1w (say it is ew)
is contained in the image through ˜` of an edge ev adjacent to v. Therefore there
must be another vertex v1 of Γpi such that ˜`pv1q “ w, and an edge ev1 adjacent to
v1 such that ˜`pev1q contains e1w. Since if v1 is at least trivalent there is nothing to
prove, with the goal of deriving a contradiction we can assume that both v and v1
have valency two. It follows that any path τ connecting v and v1 in Γpi must pass
through at least one of the incoming edges at v and v1, or otherwise it would have
to become a loop in Γσ` , which is a tree, so that in particular τ must contain a
point of inner rate strictly smaller than the one of v and v1. Now let γ be a curve in
pC2, 0q which is the image through σ` of a curvette of Ew and let pγ (respectivelypγ1) be a component of `´1pγq which is the image of a curvette of Ev (respectively
Ev1) through pi. By [NPP19a, Proposition 15.3], we deduce that the inner contact
qinnppγ, pγ1q between pγ and pγ1 is strictly smaller than qv. However, by repeating the
argument used in the proof of Lemma 4.1, we can see that qinnppγ, pγ1q ě qv, which
contradicts the fact that pX, 0q is LNE. This concludes the proof of the claim, and
therefore of the proposition. 
Remark 7.3. Observe that if w is the root vertex of Γσ` , then ˜`´ 1pwq is exactly
the set of L-nodes of pX, 0q, so that ˜`´ 1pwq Ă VN pΓpiq. However, if w is a ∆-node
of Γσ` , not all vertices in ˜`´ 1pwq need to be P-nodes of pX, 0q (nor, more generally,
nodes of Γpi), as [NPP19b, Example 3.13] shows. If w is a node of Γσ` which is not
a ∆-node and which has valency at least three Γσ` , we do not know whether ˜`´ 1pwq
may contain vertices having valency less than three in Γpi.
Let Γ be either of the two graphs Γpi or Γσ` . We call principal part of Γ the
subgraph Γ1 of Γ generated by the set VN pΓq of nodes of Γ, that is the subgraph
defined as the union of all injective paths connecting pairs of points of VN pΓq. The
closure of each component of Γ r Γ1 is a bamboo (that is, a chain of valency 2
vertices ending with a valency 1 vertex) stemming from a node of Γ.
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As showed by Example 4.4, the map ˜`: Γpi Ñ Γσ` may fail to be surjective.
However, as a consequence of Proposition 7.2.(ii), ˜` restricts to a surjective map
˜`|Γ1pi : Γ1pi Ñ Γ1σ` between the principal parts of Γpi and Γσ` . Recall that the inner
rates extend uniquely to a continuous map Γpi Ñ Rě1 (see [BdSFP19, Lemma 3.8]).
We exploit this fact to define an equivalence relation on the topological space
underlying Γ1pi.
Proposition 7.4. Let „ be the equivalence relation on Γ1pi defined by declaring that
two points v and v1 are equivalent if the two following conditions hold:
(i) qv “ qv1 ;
(ii) there exists a path τ in Γ1pi from v to v1 such that the inner rate qw of any
point w in τ is greater than or equal to qv.
Then the map ˜`|Γ1pi : Γ1pi Ñ Γ1σ` identifies Γ1σ` with the quotient Γ1pi{ „.
Proof. The fact that „ is an equivalence relation follows immediately from the
definition. We have to prove that v „ v1 if and only if ˜`pvq “ ˜`pv1q. Assume that
˜`pvq “ ˜`pv1q. Then qv “ qv1 since both inner rates are equal to q˜`pvq by [BdSFP19,
Lemma 3.2]. Assume then by contradiction that the condition (ii) is not satisfied,
and let γ be a curve in pC2, 0q which is the image through σ` of a curvette of E˜`pvq.
Arguing again in a similar way as in the proof of 7.2, let pγ (respectively pγ1) be a
component of `´1pγq which is the image of a curvette of Ev (respectively Ev1) via a
suitable resolution factoring through pi. Since Γ1pi is path connected but (ii) is not
satisfied, we have qinnppγ, pγ1q ă qv by [NPP19a, Proposition 15.3], but qinnppγ, pγ1q ě qv
by repeating the argument used in the proof of Lemma 4.1, contradicting the fact
that pX, 0q is LNE.
To prove the converse implication, observe that if w and w1 are two points of Γ1σ`
then there exists a unique injective path τw,w1 between w and w1 in Γ1σ` , since the
latter is a connected tree. Moreover, for each point w2 in the interior of τw,w1 we
have qw2 ă maxtqw, qw1u (for example, this can be derived from Proposition 5.1).
Now assume that v and v1 are two points of Γ1pi that satisfy the conditions (i) and (ii)
and let τ be any path in Γ1pi between v and v1. By continuity of the projection, ˜`pτq
must contain τ˜`pvq,˜`pv1q, and the latter has nonempty interior as soon as ˜`pvq ‰ ˜`pv1q,
therefore we deduce that when this is the case then τ contains a point w mapping to
the interior of τ˜`pvq,˜`pv1q, so that qw “ q˜`pwq ă q˜`pvq “ qv. As this would contradict
condition (ii), we must have ˜`pvq “ ˜`pv1q. 
We have now collected all the results we need to move to the study of the
embedded topological type of the discriminant curve p∆, 0q Ă pC2, 0q. Fix once
and for all a set of coordinates px1, x2q on pC2, 0q such that x1 “ 0 is transverse to
∆. The topological type we are interested in is then completely determined by the
characteristic exponents of the Newton–Puiseux expansion with respect to x1 of
each branch of ∆ and by the coincident exponents between each pair of branches, a
data which is encoded by another combinatorial object, the so-called Eggers–Wall
tree Θp∆q “ Θx1p∆q of ∆. We refer the reader to [GBGPPP19, §3] for a thorough
introduction to this object, and in particular to Definition 3.8 and Remark 3.14
of loc. cit. for a formal definition starting from Newton–Puiseux expansion and
an interesting historical remark. From our point of view, it is more convenient to
describe the Eggers–Wall tree ΘpCq of a plane curve germ pC, 0q Ă pC2, 0q starting
from the dual graph of a good embedded resolution of ∆ and from the invariants we
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already study, multiplicities and inner rates, following the philosophy of Section 8
of loc. cit., where an embedding of ΘpCq in a valuation space homeomorphic to
NLpC2, 0q is described (see in particular Theorem 8.19 there), applying the following
procedure.
Algorithm A. Denote by σC : YσC Ñ C2 the minimal good embedded resolution of
the curve C. The set of nodes VN pΓσC q of the dual graph ΓσC of σC is by definition
the set consisting of its root, its C-nodes, which are the vertices corresponding to the
exceptional components intersecting the strict transform of C, and its vertices of
valency at least three. The Eggers–Wall tree ΘpCq is obtained from the set of nodes
VN pΓσC q of the tree ΓσC , from its principal part Γ1σC , and from the multiplicities
and the inner rates of the vertices of Γ1σC , as follows:
‚ From Γ1σC , attach one extra edge to the root and one to each C-node w for
every branch of C passing through Ew.
‚ Decorate each node w P VN pΓσC q (this includes vertices that have valency
larger than three in ΓσC but less than three in Γ1σC ) with the rational number
eCpwq “ qw.
‚ If e “ rw,w1s is an edge of Γ1σC , decorate it with the integer ipeq “
lcmtmw,mw1u.
‚ If e is one of the new edges of ΘpCq adjacent to a vertex w, decorate it with
the integer ipeq “ mw.
The rational numbers eCpwq on the nodes w on the path connecting the root to a
C-node w1 are then precisely the characteristic exponents of any branch of C passing
through Ew, while the coincident exponent between two branches can be computed
from the functions eC and iC , as explained in [GBGPPP19, Theorem 3.25].
In order to describe the embedded topological type of the discriminant curve
∆, it remains to show how to combine results we proved in Sections 4, 6, and 7 to
determine the input of Algorithm A from the minimal good resolution of pX, 0q.
Algorithm B. Denote by pi0 : Xpi0 Ñ X the minimal good resolution of pX, 0q.
Then:
‚ The multiplicities and the inner rates of the vertices of Γpi0 are uniquely
determined by parts (ii) and (iii) of Theorem 1.1.
‚ The minimal resolution pi : Xpi Ñ X of pX, 0q factoring through its Nash
transform, decorated with its multiplicities and inner rates, is obtained from
pi0 applying the algorithm of part (vi) of Theorem 1.1. This also determines
the set of nodes VN pΓpiq of Γpi and its principal part Γ1pi.
‚ Recall that we have σ` “ σ∆ by Proposition 7.1. Therefore, combining
Propositions 7.2 and 7.4 we obtain the principal part Γ1σ∆ of Γσ∆ and the
subset VN pΓσC q consisting of the nodes of Γσ∆ .‚ The multiplicities of the vertices of Γ1σ∆ are determined by the ones of the
vertices of Γpi thanks to Lemma 4.1.(i).
‚ The inner rates of the vertices of Γ1σ∆ are determined by the ones of the
vertices of Γpi because inner rates commute with ˜` thanks to [BdSFP19,
Lemma 3.2].
We have proven the following result, which is a more precise version of Theorem 1.2
from the introduction.
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Theorem 7.5. Let pX, 0q be an LNE normal surface germ and let ` : pX, 0q Ñ
pC2, 0q be a generic projection. Then the embedded topology of the discriminant
curve ∆ of ` is completely determined by the topology of pX, 0q. More precisely, the
Eggers–Wall tree of ∆ can obtained by applying Algorithm B followed by Algorithm A
to the dual graph of the minimal resolution of pX, 0q.
8. Polar explorations on surface germs
In this section we prove the finiteness of realizable pairs of L- and P-vectors on
a weighted graph Γ. This suffices to establish Corollary 1.3, since the uniqueness
in the LNE case is an immediate consequence of Theorem 1.1. We then provide a
recipe to greatly bound the number of possibly realizable P-vectors based on the
Laplacian formula for the inner rates recalled in Section 5.
The finiteness is established in the the following proposition, where we make use
of a result of [CNPP06] to bound the number of realizable L-vectors, and of the
classical Lê–Greuel–Teissier formula of [LT81] (see also [BdSFP19, Proposition 5.1]
for a proof using the Laplacian formula) to relate L- and P-vectors to each other.
Proposition 8.1. Let Γ be a weighted graph. Then there exist finitely many pairs
pL,P q of vectors L “ pliq, P “ ppiq P pZě0qV pΓq such that there exist a normal
surface singularity pX, 0q and a good resolution pi of pX, 0q satisfying
pΓ, L, P q “ pΓpi, Lpi, Ppiq.
Proof. Let E “ YvPV pΓqEv be a configuration of curves dual to Γ. Consider a divisor
D0 “ řni“1 diEi on Γ with di P Z such that D0 ¨ Ev ` valΓpvq ` 2gi ě 0 for all
v P V pΓq, where valqΓpvq denotes the valency of v in Γ. Consider the finite subset
K` “ tD P E`; D ď D`0 u of the Lipman cone E` of Γ. Now, let pX, 0q be any
normal surface singularity whose link realizes Γ. By [CNPP06, Theorem 4.1], there
exists a germ of analytic function f : pX, 0q Ñ pC, 0q such that pfqΓ “ D0, which
implies that D0 belongs to the subset AX of E` defined on page 6. We conclude
that ZmaxpX, 0q ď D0, so that ZmaxpX, 0q P K`. As Lpi “ pl1, . . . , lnq is defined
by the property that ZmaxpX, 0q ¨ Ei ` li “ 0 for every i “ 1, . . . , n, this proves
that there are only a finite number of possibilities for Lpi, since K` is a finite set.
Since the multiplicity mpX, 0q of the singularity pX, 0q is equal to the sum of the
products mvlv over the L-nodes of pX, 0q, we deduce an explicit bound for mpX, 0q.
By the Lê–Greuel–Teissier formula [BdSFP19, Proposition 5.1], the multiplicity
mΠpX, 0q of the polar curve Π of a generic projection ` : pX, 0q Ñ pC2, 0q, is equal
to mpX, 0q ´ χpFtq, where Ft denotes the Milnor–Lê fiber of a generic linear form
on pX, 0q. Observe that by additivity of the Euler characteristic, and recalling the
notation N pEvq of page 13, we can compute χpFtq as
χpFtq “
ÿ
vPV pΓq
mvχ
`N pEvq X Ev˘ “ ÿ
vPV pΓq
mv
`
gpEvq ´ valΓpvq ` 2´ lv
˘
.
This shows that χpFtq only depends on the weighted graph Γ and on the L-vector
L, and so that mΠpX, 0q is itself bounded by an integer we can compute. Since
mΠpX, 0q is equal to the sum of the products mvpv over the P-nodes of pX, 0q, the
value pv for any vertex v of Γ is bounded as well. This implies that only finitely
many vectors P are realizable, concluding the proof of the proposition. 
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While Proposition 8.1 provides a finite list of possible realizable pairs of L- and
P-vectors, the list outputted by following its proof could still be fairly long. In order
to get an effective bound on the number of realizable L-vectors, it is useful in the
course of the proof of Proposition 8.1 to take the vector D to be
ř
vPV pΓqrdvsEv,
where the dv are determined by ´Iγ ¨ pdvqvPV pΓq “ pvalγpvq ` 2gvqvPV pΓq, as this is
the smallest vector which allows us to apply Caubel–Némethi–Popescu-Pampu’s
result. On the other hand, the bound on generic polar curves, being solely based on
the polar multiplicities given by the Lê–Greuel–Teissier formula, gives no information
on the position of polar curves relative to the hyperplane sections.
We now discuss restrictions on these relative positions, thus providing a sharper
bound to the number of realizable pair of vectors and a better understanding on the
polar geometry of Γ. For this, we can shift our focus to the following situation: an
L-vector L is fixed, and we give geometric conditions on a P-vector P such that the
pair pL,P q may be realizable. Assume that pX, 0q is a normal surface germ realizing
Γ and L. The Laplacian formula, recalled in equation (5) at page 20, yields
Api “ I´1Γpi ¨ pKpi ` L´ Ppiq .
Observe that Kpi ` L and Ppi are known, while Api and Ppi are not, but either of
them is determined by the other one thanks to the formula above. What we are
going to prove is that there is only a very limited number of possible values of Api.
Since the vector Ppi has positive coordinates, this implies that ´I´1Γpi ¨ Ppi belongs to
the Lipman cone E` of Γ, and so Api belongs to the translate I´1Γpi ¨ pKpi ` Lq ` E`
of E`. Moreover, if a vertex v0 of Γpi is an L-node of pX, 0q, that is if lv0 ‰ 0, we
know that its inner rate qv0 must be equal to 1. This implies that Api belongs to
the intersection of the hyperplanes of ZV pΓpiq of v0-th coordinate equal to mv0 , for
every L-node v0 of pX, 0q has inner rate qv equal to 1. This intersection is finite,
and in fact rather small, since D ą 0 for every nonzero element D of the Lipman
cone E`. The construction is illustrated in Figure 2 below.
Additional restrictions may be derived from the topological properties of the
germ pX, 0q. In particular, let pi : Xpi Ñ X be a good resolution of pX, 0q, let
` : pX, 0q Ñ pC2, 0q be a generic projection, let σ` : Y` Ñ C2 be a sequence of
blowups of C2 above 0 such that V pΓσ`q contains ˜`` V pΓpiq
˘
, and let pi` : Xpi` Ñ X
be a good resolution of pX, 0q such that pi` ˝ ` factors through σ`. Let v be a vertex
of Γpi, and let v1, . . . , vr be the vertices of Γpi` that are adjacent to v and contained
in Γpi. Let Γv be the subgraph of Γpi` defined as the closure in Γpi` of the connected
component of Γpi` r ˜`´ 1
`˜`ptv1, . . . , vrq˘ containing v, and consider the subgraph of
Γσ` defined as Tv “ ˜`pΓvq. Set
N pΓvq “
ď
wPV pΓvq
NpEwqr
ď
w1PV pΓpi` qrV pΓvq
NpEw1q
and
N pTvq “
ď
wPV pTvq
NpEwqr
ď
w1PV pΓσ` qrV pTvq
NpEw1q.
Adjusting the fiber bundles NpEwq if necessary, by restricting ` to pi`
`N pΓvq˘ we
obtain a degree degpvq cover `|pi`pN pΓvqq : pi`
`N pΓvq˘ Ñ σ``N pTvq˘. Observe that
`|pi`pN pΓvqq is an extension of the cover `v introduced in equation (4) (page 13) to
define the local degree degpvq of v. Now, pick a generic linear form h : pX, 0q Ñ
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E`
I´1Γpi ¨ pKpi ` Lq ` E`
ZV pΓpiq
I´1Γpi ¨ pKpi ` Lq
Zmin
possible values for Api
Api
pmv, 0q
Figure 2. Observe that, since Zmin ą 0, then the Lipman cone
E` (in blue), and thus I´1Γpi ¨ pKpi ` Lq ` E` (in red), contain no
horizontal line. Only six values of Api are possible in this example.
pC, 0q on pX, 0q, denote by Fˆv the intersection of pi`
`N pΓvq˘ with the Milnor fiber
X X th “ tu of x, and set Fˆ 1v “ `vpFˆvq. Restricting again `, we get a degpvq-cover
`|Fˆv : Fˆv Ñ Fˆ 1v. The Hurwitz formula applied to this cover yields the following
equality:
χpFˆvq `mvpv “ degpvqχpFˆ 1vq. (6)
Let us illustrate how this can be used with the help of an example.
Example 8.2. We will discuss in detail Example 3 from the paper [MM20], showing
that we can determine its P-vector completely. Consider the hypersurface pX, 0q in
pC3, 0q defined by the equation z2 “ py`x30qpy`x2qpx34´ y13q. The dual graph of
the minimal resolution of pX, 0q which factors through the blowup of the maximal
ideal is given in Figure 3. The arrow represents the strict transform of a generic
linear form, the negative numbers are the self intersections E2v in X of the irreducible
components Ev of pi´1p0q, and all curves Ev are rational. The multiplicities mv,
which are computed from this data using the equalities (1) (page 6), are within
parentheses in the figure.
p2q p1q
p2q p5q
p2q p5q p13q p3q p2q p1q
´1 ´6
´3 ´3
´3 ´3
´1 ´5 ´2 ´2
v1 v2
v3 v4
w3 w4
v5 v6 v7 v8
Figure 3. The graph Γpi, decorated with the self-intersections and multiplicities.
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Let us now focus on determining the P-nodes and the P-vector of pX, 0q from
the data we have available. If pX, 0q were an LNE singularity, its P-vector would
be given to us by Theorem 1.1, but since this is not the case (to see this, it is
sufficient to observe that the L-node v1 has multiplicity 2) we need to work harder.
Observe that in the following discussion we will not derive any information from
the analytic type of the singularity pX, 0q, but only from the weighted graph Γpi
and from the multiplicities of its vertices, so that our conclusion will hold for any
singularity sharing this same data. The multiplicity mpX, 0q of pX, 0q is the sum
of the products mvlv over the L-nodes v of pX, 0q, which in this case is equal to 2.
Applying [BdSFP19, Proposition 3.9] to the vertex v8, we deduce that the inner
rate function is strictly increasing along a path from v1 to v8. In particular, one of
the two chains going from v2 to v5 must be sent by ˜` surjectively onto a chain γ in
the tree ˜`pΓpiq Ă NLpC2, 0q. It follows that the image through ˜` of the second chain
from v2 to v5 should contain γ as well, and since the multiplicity of the surface
is 2, this shows that the local degree on each of them cannot exceed 1, so that
it must be equal to 1, and therefore the image of both must be precisely γ. In
particular the two strings are also strings of the graph Γpi` , where pi` is the resolution
of pX, 0q introduced in the discussion preceding the example. Then, the connected
components of Γpi r tv5u and Γpi` r tv5u containing v1 coincide, and then for each
vertex v of this subgraph we can determine pv by applying equation (6). We obtain
pv1 “ pv3 “ pv4 “ pw3 “ pw4 “ 0 and pv2 “ 1.
Since the inner rate function achieve its maximum strictly on the vertex v8, then
v8 keeps valency one in the graph Γpi` , and applying again equation (6) we obtain
χpFv8q `mvpv8 “ degpv8qχpF 1v8q. Since χpFv8q “ 1, we obtain that χpF 1v8q ě 1, so
that χpF 1v8q “ 1 since F 1v8 has one boundary component. Therefore, pv8 “ degpv8q´1,
so pv8 P t0, 1u since degpv8q is at most the multiplicity of pX, 0q, which is 2.
Notice that we do not know at this point whether Γpi` has or not an extra
edge adjacent to one of the vertices v5, v6, or v7 whose image through ˜` is con-
tained in ˜`pΓpiq. We then have four cases. Applying again equation (6), we obtain
ppv5 , pv6 , pv7 , pv8q P tp1, 0, 0, 1q, p1, 0, 1, 0q, p1, 1, 0, 0q, p2, 0, 0, 0qu, the first case corre-
sponding to Γpi “ Γpi` .
We now use the Laplacian formula recalled in equation (5) (page 20) to try to
eliminate some of these possibilities for P and to compute the inner rates. Writing
the formula for every vertex v P tv1, v2, v3, v4, w3, w4u, for which we know pv, and
using the fact that qv1 “ 1, we obtain the corresponding inner rates qv and the inner
rate qv5 , which are as follows: qv2 “ 2, qv3 “ qw3 “ 52 , qv4 “ qw4 “ 135 , and qv5 “ 3413 .
Now, the Laplacian formula for v5 yields ´13qv5 ` 5pqv4 ` qw4q ` 3qv6 “ 1´ pv5 .
Therefore 3qv6 ` pv5 “ 9, where qv6 P 13N and qv6 ą qv5 “ 3413 . Therefore qv6 “ 3
and pv5 “ 0 or qv6 “ 83 and pv5 “ 1. But we know from the Hurwitz arguments
above that pv5 “ 1 or 2. Therefore, the only possibility is qv6 “ 83 and pv5 “ 1.
The Laplacian formula for v6 gives ´15qv6 ` 13qv5 ` 2qv7 “ ´pv6 . Then 2qv7 `
pv6 “ 11 with qv7 P 12N, qv7 ą 83 and and pv6 ď 1. The unique possibility is qv7 “ 3
and pv6 ď 0.
The Laplacian formula for v7 gives qv8 ` pv7 “ 4qv7 ´ 3qv6 “ 4, with qv8 ě 0,
qv8 ą 3, and pv7 ď 1. The unique possibility is qv8 “ 4 and pv7 ď 0.
Among the four possibilities for ppv5 , pv6 , pv7 , pv8q identified above, the unique
possibility is then p1, 0, 0, 1q, so pv8 “ 1. This is indeed compatible with the
Laplacian formula for v8.
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We have obtained a unique possibility for P and the inner rates, as shown in
Figure 4. Observe that since there are no edges joining two vertices with nonzero pv,
then the strict transform Π˚ of the polar curve Π by pi meets E at smooth points of
the exceptional divisor pi´1p0q. Moreover, since each pvi equals either zero or one,
then pi is a good resolution of Π, that is pi´1p0q is a simple normal crossing divisor.
The arrows in Figure 4 represent the strict transform of a generic polar curve.
1 2
5
2
13
5
5
2
13
5
34
13
8
3 3 4
Figure 4. The graph Γpi, decorated with the inner rates of its
vertices and arrows corresponding to the components of a generic
polar curve.
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